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M: R>¢ — k-MOD

B KaTEropuio BEKTOPHbIX MPOCTPAHCTB Hag noJem k.
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nepCI/ICTeHTHbIe romonormnm n 6apKO,D,bI

R>0 — HeoTpuuaTenbHble BELLECTBEHHbIE YNCAA (KaTeropus 4.y.m. <).
MepcncteHTHbI Mogynb — 3T0 (KOBapuaHTHbIA) yKTOp

M: R59 — k-MOD

B KaTEropuio BEKTOPHbIX MPOCTPAHCTB Hag noJem k.

T. e. cemelicTBO BeKTOPHBIX NPOCTPAHCTB {Ms}scr., 1 NMHElHBIX
oTobpaxeHunii {ps; 5,0 Ms; = Mg, }s1<s,, Tak UTO 055 = id: Ms — Ms
Psy,53 O Ps1,0 = Psi,s3 NPN 51 < 2 < S3.
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[Npumep
Mycts | C Ry — unTepBan. Onpefenum nHTepBasbHbI MOAYNb
k, ecnmsel;

k(/): R>g = k-MOD, s~ k(/)s =
0, wuHave.
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[Mpumep

Mycts | C Ry — unTepBan. Onpefenum nHTepBasbHbI MOAYNb

k /-
k(/): Rsg — k-MOD, s—k(l)s:=1 ecin s € [;
07 NHa4e.

Teopema (MHTepBanbHOE pasnokeHue)

lycte M = {Ms}ser., — nepcuctentrbiii mogyns, npu4ém sce Ms
KOHe4YHoMepHbI. Torga
= D 0

1€B(M)

B/151 HekoToporo Habopa (mynbTumHoxecta) B(M) untepsanos B Rxy.
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[Npumep
Mycts | C Ry — unTepBan. Onpefenum nHTepBasbHbI MOAYNb
k, ecnmsel;

k(/): R>g = k-MOD, s~ k(/)s =
0, wuHave.

Teopema (MHTepBanbHOE pasnokeHue)

Mycte M = {Ms}scr., — nepcucrenthbiii Mogyns, npu4ém sce Ms

KOHe4YHoMepHbI. Torga
M= P k)
1€B(M)

B/151 HekoToporo Habopa (mynbTumHoxecta) B(M) untepsanos B Rxy.

Habop unHtepsanos B(M) HasbiBaeTcs bapkogom mogyns M.
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(X, dx) — KOHe4YHOEe MCEBAOMETPUYECKOE NPOCTPaHCTBO (0bnako Toqek).

- o = . y
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(X, dx) — KOHe4HOe NCeBAOMETPUYECKOE MPOCTPaHCTBO (0bnako Touek).

®unbrpauns Buetopuca—Punca {R(X, t)}+>0 coctout ns
cuMnanLmnanbHeix komnaekcos Buetopuca—Punca R(X, t) ¢ napametpom
6amsocTu t.
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(X, dx) — KOHe4HOe NCeBAOMETPUYECKOE MPOCTPaHCTBO (0bnako Touek).

®unbrpauns Buetopuca—Punca {R(X, t)}+>0 coctout ns
cuMnanLmnanbHeix komnaekcos Buetopuca—Punca R(X, t) ¢ napametpom
6amsocTu t.

R(X, t) — knnkoBblii KOMNAEKC rpacha C MHOXECTBOM BeplunH X, B
KOTOPOM X U y coefuHeHbl pebpom, ecnm dx(x, y) < t.
R(X,t1) — R(X, t;) (nogkomnnekc) npm t; < to.
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(X, dx) — KOHe4HOe NCeBAOMETPUYECKOE MPOCTPaHCTBO (0bnako Touek).

®unbrpauns Buetopuca—Punca {R(X, t)}+>0 coctout ns
cuMnanLmnanbHeix komnaekcos Buetopuca—Punca R(X, t) ¢ napametpom
6amsocTu t.

R(X, t) — knnkoBblii KOMNAEKC rpacha C MHOXECTBOM BeplunH X, B
KOTOPOM X U y coefuHeHbl pebpom, ecnm dx(x, y) < t.
R(X,t1) — R(X, t;) (nogkomnnekc) npm t; < to.

- 4
o o B b

X=R(X,0) = -+ > R(X,t1) = -+ > R(X,t2) = -+ = R(X,t3) =

Puc.: O6bnako Touek n dpunstpauus Buetopuca—Punca.
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Mogaynb n-MepHbIX NEPCUCTEHTHBLIX TOMOJIOT I

PHn(X): Ryg = k-MOD, t— Hy(R(X,t)),

rae Hn(—) — n-mepHble cuMNINUManbHbIE FOMONOMNN.
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Mogaynb n-MepHbIX NEPCUCTEHTHBLIX TOMOJIOT I

PHn(X): Ryg = k-MOD, t— Hy(R(X,t)),

rae Hp(—) — n-mepHble cumninumanbHbie roMoaornu.

B(X) = B(PH(X)) bapkoa mopyna PH(X) = D¢ PHn(X).
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Mogaynb n-MepHbIX NEPCUCTEHTHBLIX TOMOJIOT I

PHn(X): Ryg = k-MOD, t— Hy(R(X,t)),

rae Hp(—) — n-mepHble cumninumanbHbie roMoaornu.

B(X) = B(PH(X)) bapkoa mopyna PH(X) = D¢ PHn(X).

Knacc romonoruii a € Hy(R(X, 1))
(1) poxpaercs B MOMEHT r, ec/in
(i) @ €im(Ha(R(X, ) = Ha(R(X, )));
(i) o ¢ im(H,(R(X, p)) = Ha(R(X, t))) npu p < r.
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Mogaynb n-MepHbIX NEPCUCTEHTHBLIX TOMOJIOT I

PHn(X): Ryg = k-MOD, t— Hy(R(X,t)),

rae Hn(—) — n-mepHblie cumnanumnansHbie roMonoruu.
B(X) = B(PH(X)) bapkoa mopyna PH(X) = D¢ PHn(X).

Knacc romonoruii a € Hy(R(X, 1))
(1) poxpaercs B MOMEHT r, ec/in

(i) @ €im(Ha(R(X, ) = Ha(R(X, )));

(i) o ¢ im(Ha(R(X,p)) = Ha(R(X,1))) npu p < r,
(2) ymupaer B MOMEHT s, ecan

(i) a € ker(Ha(R(X,t)) = Ha(R(X,5)));

(i) a ¢ ker(Ha(R(X, t)) = Hy(R(X,q))) npn g < s.

[r,s) Ha3bIBaeTCA MHTEPBAIOM MEPCUCTEHTHOCTM KAcca a.

A
V.
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Mogaynb n-MepHbIX NEPCUCTEHTHBLIX TOMOJIOT I

PHn(X): Rsg — k-MOD, t+— Hp(R(X,t)),

rae Hp(—) — n-mepHble cumninumanbHbie roMoaornu.

B(X) = B(PH(X)) bapkoa mopyna PH(X) = D¢ PHn(X).

Knacc romonoruii a € Hy(R(X, 1))
(1) poxpaercs B MOMEHT r, ec/in

() ae im(HN“n(R(x r)) — @(R(x, t)));

(i) o ¢ im(H,(R(X, p)) = Ha(R(X, t))) npu p < r.
(2) ymupaer B MOMEHT s, ecan

(i) a € ker(Ha(R(X,t)) = Ha(R(X,5)));

(i) a ¢ ker(Ha(R(X, t)) = Hy(R(X,q))) npn g < s.

[r,s) Ha3bIBaeTCA MHTEPBAIOM MEPCUCTEHTHOCTU KAAcca Q.
Ons t € R>o pasmepHocTs npoctpanctea Hy(R(X, t)) ecTb uncno
NHTEPBANOB NEPCUCTEHTHOCTU, COAEP>XKALLMX t.
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X=R(X,0) = -+ > RX,t1) = -+ <> RX,)— -+ <= R(X,tz)—

Persistence intervals in dimension 0:

°
°
°
@

1.0 15 20 25 3.0
I i I n N |

Persistence intervals in dimension 1:

°
°

05 1.0 15 20 25 3.0
N I i I I N |

Puc.: Bapkog dunbtpauun Buetopuca—Punca
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3omeTpus n cTabnnbHoCTb

Teopema cTabunbHOCTM YTBEPXKAAET, 4TO HApKOAbLI NEPCUCTEHTHBIX
rOMOJIOT Ui YCTORYNBbI OTHOCUTENIEHO BO3MYLUEHUI JAHHBIX B METPUKE
'pomosa—Xaycgopdpa. 370 k/IOHEBOI pe3ynbTaT, obecneyunsarowuii
LUMPOKOE NPVMEHEHNE NEPCUCTEHTHBIX FOMOJIOTNIA B aHA/NN3€e AaHHbIX.
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3omeTpus n cTabnnbHoCTb

Teopema cTabunbHOCTM YTBEPXKAAET, 4TO HApKOAbLI NEPCUCTEHTHBIX
rOMOJIOT Ui YCTORYNBbI OTHOCUTENIEHO BO3MYLUEHUI JAHHBIX B METPUKE
'pomosa—Xaycgopdpa. 370 k/IOHEBOI pe3ynbTaT, obecneyunsarowuii
LUMPOKOE NPVMEHEHNE NEPCUCTEHTHBIX FOMOJIOTNIA B aHA/NN3€e AaHHbIX.

Teopema (Teopema cTabunbHocTn)

Mycte (X, dx) n (Y,dy) — KoHe4Hbie ncesaoMETpUYECKUE NPOCTPAHCTBA,
a B(X) u B(Y) — bapkogbi nepcuctentHbix romonorusi PH(X) un
PH(Y). Torga

Wao(B(X), B(Y)) < 2dgu(X, Y).
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XaycnopdoBo paccTosiHne Mexay nogmHoxecteamm A n B
rnceBgoMeTpuyeckoro npoctpanctea (Z, d) ects

du(A, B): = max{supd(a, B), sup d(A, b)}.
acA beB
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XaycnopdoBo paccTosiHne Mexay nogmHoxecteamm A n B
rnceBgoMeTpuyeckoro npoctpanctea (Z, d) ects

du(A, B): = max{supd(a, B), sup d(A, b)}.
acA beB

Paccrosinne 'pomosa—Xaycaopda Mexay KOHEYHbIMM
ncesgomeTpuyeckumm npoctpancteamu (X, dx) u (Y, dy) ects

deH(X,Y): = Zi'}fg du(f(X),g(Y)),

rae nHdprmym bepéTtcs no BCceM M3oMETpUHecKUM BaoxkeHuam f: X — Z B
g: Y — Z B HekoTopoe Z.
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XaycnopdoBo paccTosiHne Mexay nogmHoxecteamm A n B
rnceBgoMeTpuyeckoro npoctpanctea (Z, d) ects

du(A, B): = max{supd(a, B), sup d(A, b)}.
acA beB

Paccrosinne 'pomosa—Xaycaopda Mexay KOHEYHbIMM
ncesgomeTpuyeckumm npoctpancteamu (X, dx) u (Y, dy) ects

deH(X,Y): = Zi'}fg du(f(X),g(Y)),

rae nHdprmym bepéTtcs no BCceM M3oMETpUHecKUM BaoxkeHuam f: X — Z B
g: Y — Z B HekoTOpoe Z. JKBMBAJIEHTHO,

deH(X,Y) = - min max |dx (x1,x2) — dy(y1,y2)|,

1
5 C (xa,y1),(x2,y2)€C

roe MuHuMym bepércs no Bcem cooteeTcTBrsM Mexay X u Y.
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Mycte B u B’ — koHeuHble MyNbTUMHOXECTBA WHTEPBaiOB BMAA [a, b).
Monoxum B = B U o8l

(aobasum k B nycToii nutepsan & kpatHoctu |B'|.

Ananoruuno, B’ = B' U @Bl

Tenepe B u B’ ogunakoBoii MoLyHOCTY.
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Mycte B u B’ — koHeuHble MyNbTUMHOXECTBA WHTEPBaiOB BMAA [a, b).
Monoxum B = B U o8l

(pobaeum k B nyctoli nHtepsan & kpatHoctu |B’|.

Ananoruuno, B’ = B' U @Bl

Tenepe B u B’ ogunakoBoii MoLyHOCTY.

Onpepenum dyHkumto pacctosinus 7: B x B/ — Rxo U {oo}:

7 ([a, b),[d, b)) = max{|a’ — a|,|b' — b]}, 7([a,0),[d,00)) = [a" — 4,

b— el
n([a,b),2) = 5, (2,14, b)) = ===, 7(2,2) =0,

7['([2, OO), [ala bl)) = 7'('([2, b)? [alv OO)) = 71'([3, OO)? @) = 7['(@, [a/’ OO)) = 00 )
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Mycte B u B’ — koHeuHble MyNbTUMHOXECTBA WHTEPBaiOB BMAA [a, b).
Monoxum B = B U o8l

(pobaeum k B nyctoli nHtepsan & kpatHoctu |B’|.

Ananoruuno, B’ = B' U @Bl

Teneps B u B’ ognHakosoii MOLLHOCTY.

Onpenenum dyHkuuio pacctosnns m: B x B — Rsq U {oc0}:

7 ([a, b),[d, b)) = max{|a’ — a|,|b' — b]}, 7([a,0),[d,00)) = [a" — 4,

b— el
n([a,b),2) = 25, (8,18, b)) = =5,

(9, 2) =0,

7['([2, 00)7 [ala bl)) = 7r([a, b)? [3/7 OO)) = 71-([37 OO)? Q) = 7[-(@7 [3/7 OO)) = 00 )

MNycte D (E, ?) — MHOXecTBO buekuuii §: B — B'.
oo-paccrosiHue Bacepuwelina (bottleneck distance) ects

Woo(B7 B/) = min_ max 7['(/,9(/))
9eD(B,B') 1B

<
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MomeHT-yron-komnnekc

I={i,..

K — cumnanumnanshblii komnneke Ha [m] = {1,2,..., m}

., ik} € K — cumnnekc; Bcerga @ € K.

= = = E DA
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MomeHT-yron-komnnekc

K — cnmnanumanbhbiii komnaeke Ha [m] = {1,2,..., m}
I ={i,..., ik} € K — cumnnekc; Bcerga @ € K.

PaccMmoTpum m-mepHbIli €4UHNYHBI NOAUGNCK:

D™ = {(z1,...,Zm) € C™ : |zi|> <1 for i =1,...,m}.
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MomeHT-yron-komnnekc

K — cnmnanumanbhbiii komnaeke Ha [m] = {1,2,..., m}
I ={i,..., ik} € K — cumnnekc; Bcerga @ € K.

PaccMmoTpum m-mepHbIli €4UHNYHBI NOAUGNCK:

D™ = {(z1,...,Zm) € C™ : |zi|> <1 for i =1,...,m}.
MomMeHT-yron-komniekc
Zc = (H]D) x HS) cD™
lek i€l i¢l
rae S — rpanuua gucka D.
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MomeHT-yron-komnnekc

K — cnmnanumanbhbiii komnaeke Ha [m] = {1,2,..., m}
I ={i,..., ik} € K — cumnnekc; Bcerga @ € K.

PaccMmoTpum m-mepHbIli €4UHNYHBI NOAUGNCK:

D™ = {(z1,...,Zm) € C™ : |zi|> <1 for i =1,...,m}.
MomMeHT-yron-komniekc
Zc = (H]D) x HS) cD™
lek i€l i¢l
rae S — rpanuua gucka D.

Ha Zix peiicteyer Top T

Ecan K — cumnauumansHoe pasbuerue ccbepbl (Hanpumep, rpaHuua
CMMNANUNaNnbHOro MHOFOFpaHHVIKa), TO Z]C — TOMOJIOrn4eckKoe
MHOroobpasmne, MOMEHT-Yrof-MHOroobpasue.

V.
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[Mpumep

1. K= A (rpatmnua TpeyronbHnka). Toraa
Zc=DxDxS)UD xS xD)U(S x D x D) =9(D?) = S°.

v,
T T = = = (o}
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[Mpumep

1. K= A (rpatmnua TpeyronbHnka). Toraa
Zc=DxDxS)UD xS xD)U(S x D x D) =9(D?) = S°.

2. K= (rpavuua keagpata). Torga Zx = S3 x S3.

v

= = = = =
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[Mpumep

1. K= A (rpatmnua TpeyronbHnka). Toraa
Zc=DxDxS)UD xS xD)U(S x D x D) =9(D?) = S°.

2. K= (rpavuua keagpata). Torga Zx = S3 x S3.

3.K = I/_\I Torma Zic = (S3 x S*)# - #(S3 x §%).

5

WV

] = - = = 7 &
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[Mpumep

1. K= A (rpatmnua TpeyronbHnka). Toraa
Zc=DxDxS)UD xS xD)U(S x D x D) =9(D?) = S°.

2. K = (rpavuua keagpata). Torga Zx = S3 x S3.

3.K = I/_\I Torga Zx =2 (S3 x SY) #--- #(S3 x §%).

5

4. K=4¢4 o (Tpn TOUkM). Torga

Zk=MDxSxS)U(SxDxS)U(SxSxD)~S3vS3vsvstyst

(He mHoroobpasue).

] = = = = ET
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Konbuo rpaneii (konbuo Crennn—Paiictepa) komnnekca K:

k[K] :=k[wv1, ..., vm]/Zx,

rae naean Iy nopoXAEH MOHOMAMU Vj; - - - Vj,, COOTBETCTBYIOLLNM
ne cumnnexcam | = {i,..., ik} ¢ K.
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Konbuo rpaneii (konbuo Crennn—Paiictepa) komnnekca K:

k[K] :=k[wv1, ..., vm]/Zx,

rae naean Iy nopoXAEH MOHOMAMU Vj; - - - Vj,, COOTBETCTBYIOLLNM
ne cumnnexcam | = {i,... ik} ¢ K.

Teopema

GurpagynposanHoe konbuyo koromosoruii Zy

H*(ZIC) = Tork[vl,...,vm] (k[’C]a k)
=~ H(A[uy, .. ., um) @ K[K], d)
>~ (P H (K)).
1C[m]

3gecs (Nui, ..., um] ® k[K], d) — komnrekc Kocrons ¢

bideg u; = (—1,2), bideg v; = (0,2) u du; = v;, dv; = 0.

H*(K;) — npusesénnbie cumnanyuansHbie KOroMOROMM MOAHORO
nogkomnnexca Ky C K (orpanundenns K na | C [m]).

4
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BurpanyvnpoBaHHbie romonoruy u bapkogsl

BurpagyrpoBaHHble KOMMNOHEHTbLI KOrOMOsIOrnii Zx CyTb

H Mz =2 @ HTUK), HP(Zx)= @ HF*(2x).
IC[m]: |l|=¢ —k+20=p
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BurpanyvnpoBaHHbie romonoruy u bapkogsl

BurpagyrpoBaHHble KOMMNOHEHTbLI KOrOMOsIOrnii Zx CyTb

H Mz =2 @ HTUK), HP(Zx)= @ HF*(2x).
IC[m]: |l|=¢ —k+20=p

PaccmoTpum dhaktopkonbuo konsua Koctons Alui, . .., um] ® Z[K]:
R*(IC) = /\[Ul, ooy Um] & |([K:]/(VI2 = ujvi = O, 1 < i < m)

Torga R*(K) koHeuHomepHO ¢ Basucom n3 moHomos uyvy, rae J C [ml,
leKnJnl=0o
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BurpanyvnpoBaHHbie romonoruy u bapkogsl

BurpagyrpoBaHHble KOMMNOHEHTbLI KOrOMOsIOrnii Zx CyTb

H—k,2Z(ZK) ~ @ ﬁ[—k—l(Kl)’ Hp ZIC @ H—k 2[
IC[m]: |I|=¢ —k+2¢=p

Zol

PaccmoTpum dhaktopkonbuo konsua Koctons Alui, . .., um] ® Z[K]:

R*(K) = ANu1, ..., um| ® k[IC]/(v,-2 =uvi=0,1<i<m).

Torga R*(K) koHeuHomepHo ¢ basncom n3 moHomos uyvy, rae J C [m],

leKnJNl=9o

R*(IC) otoxpectensietca k knetodHbiMu kouensmn C*(Zx)

MOMeHT-yron-komnnekca Zi, ngean (v? = ujv; =0, 1 < i < m) sBnsetcs

!
d-VHBAPNAHTHBLIM 1 ALUKINYHBLIM, YTO LAET n3oMopdusm

H*(Zx) = H(R*(K),d).

<

T. E. Nanos (Mocksa) [ApBoiinbie romonorun Tomck 6 pek 2023

13/32



[nsi romonoruii moment-yron-komnnekca Zx = |J,cx (D, S)! € D™ nmeem

Ho(Zk)= D H-i2i(Zk) = P Hoos-1(K)).

—i+2j=p Jc[m]
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[nsi romonoruii moment-yron-komnnekca Zx = |J,cx (D, S)! € D™ nmeem

Hp(Zk) = @ H_i2(Zk) = @ —-1(K).

—i+2j=p JC[m]

Burpagynposantbie yncna bertu komnnekca K (¢ koadbdpuymnertamu B k):

B-i2j(K) :=dimH_;5i(Zk) = Z dim ITIJ-,,-,l(KJ).
Jc[m): |J|=j

Mpun j = m umeem [_;2m(K) = dim ﬁm,,-,l(K).

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 14 /32



ﬁo(K) ﬁnfl(K) 2]

i‘k**r 2m
£ I S I S I 3
* | k| ok | X
* | k| ok | X

* | k| ok | Xk

* | ok | o3k

k| ok
* 4
2
1(0

TT o
—(m—-1) —(m—n)

Puc.: Burpagynposattbie uucna Bertu (n — 1)-meproro K ¢ m BeplumnHamu.

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 15 /32



(X, dx) — KOHE4HOE NCEeBAOMETPNYECKOE NPOCTPAHCTBO.
{R(X, t)}t=0 dunbtpauyus Buetopuca—Punca.
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(X, dx) — KOHE4HOE NCEeBAOMETPNYECKOE NPOCTPAHCTBO.
{R(X, t)}t=0 dunbtpauyus Buetopuca—Punca.

Mogynb 6urpasynpoBaHHbIX NEPCUCTEHTHBIX FOMOJIOrA PA3MEPHOCTH
(—17,2j) ecTb

'PHZ_,'QJ'(X): R>p — k-MOD, t+— H_,"2J'(ZR(X7t)).

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 16 /32



(X, dx) — KOHE4HOE NCEeBAOMETPNYECKOE NPOCTPAHCTBO.
{R(X, t)}t=0 dunbrpauns Buetopuca—Punca.

Mogynb 6urpasynpoBaHHbIX NEPCUCTEHTHBIX FOMOJIOrA PA3MEPHOCTH
(—17,2j) ecTb

'PHZ_,"Z/'(X): R>p — k-MOD, t+— H—i,2j(ZR(X7t))~

Burpagynposannbiii 6apkog BB(X) — nabop mHTepBanos
nepcucteHTHocTu 6urpasynposantbix romonoruit H-;2i(Zr(x,t))-

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 16 /32



(X, dx) — KOHE4HOE NCEeBAOMETPNYECKOE NPOCTPAHCTBO.
{R(X, t)}t=0 dunbrpauns Buetopuca—Punca.

Mogynb 6urpasynpoBaHHbIX NEPCUCTEHTHBIX FOMOJIOrA PA3MEPHOCTH
(—17,2j) ecTb

P%Z_,"2j(X): R>p — k-MOD, t+— H—i,2j(ZR(X,t))-

Burpagynposannbiii 6apkog BB(X) — nabop mHTepBanos
nepcucteHTHocTu 6urpasynposantbix romonoruit H-;2i(Zr(x,t))-

Ans t € R>o pasmepHocTs npoctpanctea H_;oj(ZRr(x,t)) paBHa 4mcny
NHTEPBANOB NEPCUCTEHTHOCTI, COAEPXKALLMX L.
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Burpagynposannbiii 6apkog BB(X) obnaka Touek X — guarpamma B
3-MepHOM MpOCTpPaHCTRE.
Eé sepxHuii aTaxx — 0bbiuHbIli Bapkog B(X).
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Burpagynposannbiii 6apkog BB(X) obnaka Touek X — guarpamma B
3-MepHOM MpOCTpPaHCTRE.
Eé sepxHuii aTaxx — 0bbiuHbIli Bapkog B(X).

persistence intervals

Puc.: BurpagynpoBaHHbiii bapkog.
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MNpumep
X1 = {(Oa 0)7 (27 O)a (074)}1 Xo = {(Oa 0)’ (2’ 0)7 (13 \/E)}

Ha puc. nokasaHbl komnnekcel Buetopuca—Punca npu t = 0,2,4,2+/5.

STu obnaka TOYEK He pasaNYatoTCs ObbIYHBIMY NEPCMCTEHTHLIMM
Hapkogamu, HO pas3nuuaoTcs burpasymposaHHsiMu bapkogamu.

<L LN
<L LA

Puc.: 1e nocneposatensHocTn komnaekcos Buetopnca—Punca.
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MNpumep

—i

<
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[Boiitbie (BTOpUYHbIE) rOMOOrNN
Nveem

Ho(Zx) = @D Hpyy-1 (K1),

1C[m]

= = E DA
T. E. Nanos (Mocksa) [BoiiHbie romonorun




[Boiitbie (BTOpUYHbIE) rOMOOrNN

Nmeem

=~ P Hpopp-a(K),

1C[m]
Ons j € [m] \ | paccmoTpum romomopdpuam

Ppilj* ﬁp(’Cl) — ﬁp(K!U{j})’

MHAYLNPOBaHHbIi BRoXeHnem K — KCjy(jy.
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[Boiitbie (BTOpUYHbIE) rOMOOrNN

Nmeem

> D Ho-a(K),

1C[m]
Ons j € [m] \ | paccmoTpum romomopdpuam

epit g Ho(K1) = Hp(Kiugy),
MHAYLNPOBaHHbIi BAoXeHnem K — ;1. Monoxum

=" D el o

IC[m],je[m]\/
roe

o(j, 1) = (DUl <D,
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[Boiitbie (BTOpUYHbIE) rOMOOrNN

Nmeem

= D Hoa(K),

1C[m]
Ons j € [m] \ | paccmoTpum romomopdpuam

epit Ho(Kr) — Hp(Kiugy),

WHAYLNPOBaHHbIA BaoxeHnem [C; <> K i .Tonoxnm
yunp 1U{j}

=" D el o

IC[m],je[m]\/

roe
(. 1) = (~1yHUE! <),
Jlemma
o D icim) Ho (K1) = B (m) Hp(K:1) yaosnersopser (8;,)2 =
V.
Tomck 6 gex 2023  20/32



MMonyyaem uLenHoli kommnaekc
CH.(Zx) := (H«(Z2x),d),

roe
0" H_kp0(Zx) = H_k—12042(Zk)
MO OTHOLUEHMIO K BUrpasyMpoBaHHOMY Pa3/OKeH o

Ho(Zk) = P H-oelZx), Horpe(Z)= P Hera(Ky).
—k+20=p IC[m]: |l|=¢
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MMonyyaem uLenHoli kommnaekc
CH.(Zx) := (H«(Z2x),d),

rge " "
9"t H_k2e(Zx) = H-k—1,2042(Zk)

MO OTHOLIEHUIO K BUrpasynpoBaHHOMY Pa3/IOXKEHUIO

Ho(Zk) = P H-oelZx), Horpe(Z)= P Hera(Ky).
—k+20=p 1C[m]: |I|=¢

[eoiinbie (BTOpMYHbIE) roMoa0OrUm

HH.(Zx) = H(H.(Zx), &).

T. E. Nanos (Mocksa) [BoiiHbie romonorun

Tomck 6 gek 2023 21/32



B koromonoruyeckoii Bepcun, onsi i € | nmeem romomopgusm

Upia s HP(Kr) = HP(Kp (y)s

MHAYLNPOBaHHbIi Baoxernem KCp (jy — Ky,

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 22 /32



B koromonoruyeckoii Bepcun, onsi i € | nmeem romomopgusm

bpiit: HP(K)) — ﬁp(’C/\{i}),

WHAYUMPOBAHHbIA BIOXXEHUEM IC,\{,-} — Ky, n

1
d[,) p+ Z wpll

i€l
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B koromonoruyeckoii Bepcun, onsi i € | nmeem romomopgusm

bpiit: HP(K)) — ﬁp(’C/\{i}),

WHAYUMPOBAHHbIA BIOXXEHUEM IC,\{,-} — Ky, n

/ p+lz wpll

i€l

Onpegennm d': H*(Zx) — H*(Zx) na H*(Zk) = @, c( H*(K)):
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B koromonoruyeckoii Bepcun, onsi i € | nmeem romomopgusm

bpiit: HP(K)) — F/p(’C/\{i}),

WHAYUMPOBAHHbIA BIOXXEHUEM IC,\{,-} — Ky, n

/ p+lz wpll

i€l

Onpegennm d': H*(Zx) — H*(Zx) na H*(Zk) = @, c( H*(K)):

dl: H—k,2Z(Z’C) N H_k+1’2£_2(Z]C).

Nmeem (d’)? = 0 u kouenHol komnnekc

CH*(2x) = (H*(Zk), d').

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 22 /32



B koromonoruyeckoii Bepcun, onsi i € | nmeem romomopgusm
Upia s HP(Kr) = HP(Kp (y)s
WHAYUMPOBAHHbIA BIOXXEHUEM IC,\{;} — Ky, n
/ p+1 Z wp o,
iel
v
Onpegennm d': H*(Zx) — H*(Zx) na H*(Zk) = @, c( H*(K)):
d: H—k,%(Z’C) N H‘k+1’2£‘2(ZK;).
Nmeem (d’)? = 0 u kouenHol komnnekc
CH*(Zx) = (H*(Zx),d). )
BurpagynposaHHbie Koromosnoruu
HH*(Zx) = H(H*(Z;C), d').
V.
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Bukomnnekchi

B komnnekce Koctons Afuy, ..., um] ® k[K] anddeperuman d bucrenenn
(1,0) 3agaércs kak

duj=vj, dvi=0, npunj=1,....,m.
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Bukomnnekchi

B komnnekce Koctons Afuy, ..., um] ® k[K] anddeperuman d bucrenenn
(1,0) 3agaércs kak

duj=vj, dvi=0, npunj=1,....,m.

Beeném BTopoii audpcpbeperuman d’ buctenenn (1,—2) na
Aui, ..., um| ® Z[K], nonoxns

dui=1, d'vi=0, npuj=1,...,m,

1 npogosxue no npaeuny Jleiibruua.
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Bukomnnekchi

B komnnekce Koctons Afuy, ..., um] ® k[K] anddeperuman d bucrenenn
(1,0) 3agaércs kak

duj=vj, dvi=0, npunj=1,....,m.

Beeném BTopoii audpcpbeperuman d’ buctenenn (1,—2) na
Aui, ..., um| ® Z[K], nonoxns

dui=1, d'vi=0, npuj=1,...,m,
n npogosxms no npaeuny Jleiibnuua. B sieHom Buge

dl(UJV[) = Z&(j, J)UJ\{J'}V[, d/(V/) =0.

Jj€J
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Bukomnnekchi

B komnnekce Koctons Afuy, ..., um] ® k[K] anddeperuman d bucrenenn
(1,0) 3agaércs kak

duj=vj, dvi=0, npunj=1,....,m.

Beeném BTopoii audpcpbeperuman d’ buctenenn (1,—2) na
Nui, ..., um| ® Z[K], nonoxns

dui=1, d'vi=0, npuj=1,...,m,
n npogosxms no npaeuny Jleiibnuua. B sieHom Buge

dl(UJV[) == Z&(j, J)UJ\{J-}V/, d/(V/) =0.

Jj€J

Oundbdbeperuman d’ Takxe onpeaenéH Ha KOHEYHOMEPHOM
nognpoctpatctee R*(KC) C Aluy, . . ., um] ® k[K], nopoxaéHHom
MoHomamu uyvy ¢ JN I = @.

= i - = = AP

T. E. Nanos (Mocksa) [BoiiHbie romonornn Tomck 6 gek 2023 23 /32



Jlemma
(@/c[m] C*(Ky),d,d"), (Nu, ..., um] @ K[K],d,d") u (R*(K),d,d)

Bas0TCs bukomnaekcamu, T.e. dd' = —d'd.
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Jlemma
(B1cpm € (K1) d,d'), (..., um] @ KIK], d, d") u (R*(K). d, d")

Bas0TCs bukomnaekcamu, T.e. dd' = —d'd.

Mo onpegenerunto, HH*(Z)) ectsb nepsble ggoliHble KOrOMONOrNNA

bukomnnexca (B;c(m C*(K),d, d'):

HH*(2x) = H(H( P C*(K)),d), d).

I1C[m]
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Jlemma
(B1cpm € (K1) d,d'), (..., um] @ KIK], d, d") u (R*(K). d, d")

Bas0TCs bukomnaekcamu, T.e. dd' = —d'd.

Mo onpegenerunto, HH*(Z)) ectsb nepsble ggoliHble KOrOMONOrNNA

bukomnnexca (B;c(m C*(K),d, d'):

HH*(2x) = H(H( P C*(K)),d), d).

I1C[m]

Teopema
Bukomnnekcer (@Ic[m] C*(K1),d,d") n (R*(K),d,d") usomopcpHsi.

y
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Jlemma
(B1cpm € (K1) d,d'), (..., um] @ KIK], d, d") u (R*(K). d, d")

aBasoTcs bukomnnekcamu, T.e. dd' = —d'd.

Mo onpegenennto, HH*(Z) ecTb nepsble ABONHbLIE KOrOMOIOrNN

bukomnnexca (B;c(m C*(K),d, d'):

HH*(Zx) = H(H( @D C*(K)).d),d").

I1C[m]

Teopema

Bukomnnekcer (@Ic[m] C*(K1),d,d") n (R*(K),d,d") usomopcpHsi.
CnegoBatensHo, HH* (Zx) nsomopgHo BTOpbIM [BONHbIM KOrOMOIOrUSIM
6ukomnnexca (Nuy, ..., um] ® k[K], d,d’):

HH*(ZK) = H(H(/\[ul, coog Um] & k[’C], d), d/).
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Cnepctene

Asoiinbie koromonorun HH*(Zx) ssasworcs
rpasyvpoBaHHO-KOMMYTaTUBHOMN anrebpoi, ¢ yMHOXeHueM
UHAYLMPOBAHHBIM N3 KOrOMosorndeckoro ymroxenns 8 H*(Zy).
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CBsA3b C geiAcTBMEM TOpa

S x X — X — peiicTeue okpyxHocTu Ha X. Vimeem
H*(X) = H*(S! x X) = A[u] ® H*(X), a—1®a+ u® i),

rae ¢: H*(X) — H*71(X) — nuddepenumnposanme
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CBsA3b C geiAcTBMEM TOpa

S x X — X — peiicTeue okpyxHocTu Ha X. Vimeem
H*(X) = H*(S! x X) = Aju] ® H*(X), a—1®a+u®i(a),

rae ¢: H*(X) — H*71(X) — nuddepenumnposanme

[MpegnoxeHne

LngpcbepenunpoBaHue, cooTBETCTBYOLLEE AEHICTBUIO [-ii KOOPAUHATHOM
okpyxHocTU St X Zic — Zic, UHAYLUPOBaHO AUGDEPEHLMPOBAHIEM Lj

komnnekca Kocronsi (Nu, ..., um| ® Z[K], d), 3aganHbiv Ha 0bpasyrouux

no ¢popmysne
vi(u)) =0j, i(v)) =0, forj=1,...,m,

rae 6jj — cumson KpoHekepa.

T. E. Nanos (Mocksa) Tomck 6 gek 2023

26 /32



CBsA3b C geiAcTBMEM TOpa

S x X — X — peiicTeue okpyxHocTu Ha X. Vimeem
H*(X) = H*(S! x X) = Aju] ® H*(X), a—1®a+u®i(a),
rae ¢: H*(X) — H*71(X) — nuddepenumnposanme

[NpepnoxeHune

LngpcbepenunpoBaHue, cooTBETCTBYOLLEE AEHICTBUIO [-ii KOOPAUHATHOM
okpyxHocTU St X Zic — Zic, UHAYLUPOBaHO AUGDEPEHLMPOBAHIEM Lj
komnnekca Kocronsi (Nu, ..., um| ® Z[K], d), 3aganHbiv Ha 0bpasyrouux
no ¢popmysne

vi(u)) =0j, i(v)) =0, forj=1,...,m,

rae 6jj — cumson KpoHekepa.

Luchcheperyuposanne, COOTBETCTBYOLEE ANArOHANLHOMY AENCTBUIO

Sk x Zx — Zx, ectb gucbcpepenyman d'.
— - - —
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Tpu onpegenequs HH*(Zx)

Burpagynposannbie koromonorun HH*(Zx) onpegensitotcs kak

y
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Tpu onpegenequs HH*(Zx)
Burpagynposannbie koromonorun HH*(Zx) onpegensitotcs kak
@ KOFOMOJIOMMM KOLEMHOFO KOMMJIEKCa
CH*(Z2x) = (H*(Z2x),d),

rae d’ onpepenén va H*(Zx) = @) c(m H*(K)) nyTém s3situs

3HAKOMEPEMEHHO CyMmbl romomopduamos HP(K;) — HP(IC,\{,-}),
MHAYLMPOBaHHBIX BAOXeHUaMIN Kp iy — Ky
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Tpu onpegenequs HH*(Zx)
Burpagynposannbie koromonorun HH*(Zx) onpegensitotcs kak
@ KOFOMOJIOMMM KOLEMHOFO KOMMJIEKCa
CH*(Zk) == (H*(2x). d"),

rae d’ onpepenén va H*(Zx) = @) c(m H*(K)) nyTém s3situs
3HAKOMEPEMEHHO CyMmbl romomopduamos HP(K;) — HP(IC,\{,-}),
MHAYLMPOBaHHBIX BAOXeHUaMIN Kp iy — Ky

o I'IepBbIe ,EI|BOI7IHb|e KOromonormun 6|/|KOMI'IJ'IEKC3
(/\[ul, o, um] ® KK, d, d’)

with duj = v}, dv; =0, d'uj =1, d'v; = 0.

T. E. Nanos (Mocksa) Tomck 6 gek 2023 27 /32



Tpu onpegenequs HH*(Zx)
Burpagynposannbie koromonorun HH*(Zx) onpegensitotcs kak
@ KOFOMOJIOMMM KOLEMHOFO KOMMJIEKCa
CH*(Zk) == (H*(2x). d"),

rae d’ onpepenén va H*(Zx) = @) c(m H*(K)) nyTém s3situs
3HAKOMEPEMEHHO CyMmbl romomopduamos HP(K;) — HP(IC,\{,-}),
MHAYLMPOBaHHBIX BAOXeHUaMIN Kp iy — Ky

o I'IepBbIe ,EI|BOI7IHb|e KOromonormun 6|/|KOMI'I)'IEKC3
(/\[ul, o, um] ® KK, d, d’)

with duj = v}, dv; =0, d'uj =1, d'v; = 0.

@ KOroMOJIOrMI MO OTHOLIEHMIO K Audpcbeperumposannto Ha H*(Zx),
BO3HMKAIOLLEMY U3 AMArOHaJbHOrO AEACTBMSA TOPa 5C1, X Zx — Zx.

J
T. E. Nanos (Mocksa) Tomck 6 gek 2023 27 /32



M-UUKNbl U ABONCTBEHHOCTL [lyaHkape

MycTe Z; — MOMEHT-yro/-KOMMIEKC, COOTBETCTBYIOWMNA M-unkay L.
Torga Z, roMeoMopHO CBA3HON CyMMe NpousseaeHuii cdep:

m—1 m—2
ZE ~ # (Sk X Sm+2_k)#(k_2)(k_1)-
k=3
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M-UUKNbl U ABONCTBEHHOCTL [lyaHkape

MycTe Z; — MOMEHT-yro/-KOMMIEKC, COOTBETCTBYIOWMNA M-unkay L.
Torga Z, roMeoMopHO CBA3HON CyMMe NpousseaeHuii cdep:
m—1

Zrx 4 (Sk % 5m+2—k)#(k—2)('£:12)'
k=3

Teopema

lycts L ectb m-yuxa, m > 5. Torga Hpr’zq(ZE) ectb k B
pasmeprocTsax (—p,2q) = (0,0), (—1,4), (—m+3,2(m — 2)),
(—m+2,2m) u 0 B ocTanbHbIX Cay4asix.
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M-UUKNbl U ABONCTBEHHOCTL [lyaHkape

MycTb Z; — MOMEHT-YrofN-KOMJIEKC, COOTBETCTBYOWMIA m-uunkny L.
Torga Z, roMeoMopHO CBA3HON CyMMe NpousseaeHuii cdep:
m—1 m—2
_ k—2
2o (5% x ST k)#( )(527)
k=3

Teopema

lycts L ectb m-yuxa, m > 5. Torga Hpr’zq(Zg) ectb k B
pasmeprocTsax (—p,2q) = (0,0), (—1,4), (—m+3,2(m — 2)),
(—m+2,2m) u 0 B ocTanbHbIX Cay4asix.

MNpumep

Mpn m = 5 sekTtop 4ucen bertun gns H*(Zx) ects (10055001), a ans
HH*(Zx) ects (10011001).
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Teopema

llycts K — romonorundeckas cepepa pasmeprnoctu n — 1. Torgpa pBosiHbie
koromonorun HH*(Zx) ssnstotcs anrebpoii ¢ 4BOACTBEHHOCTbIO
llyankape. B wacHocTu,

dim HH=*2¢(Z)c) = dim HH=(m=n+k2(m=0(z,.,
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Teopema

llycts K — romonorundeckas cepepa pasmeprnoctu n — 1. Torgpa pBosiHbie
koromonorun HH*(Zx) ssnstotcs anrebpoii ¢ 4BOACTBEHHOCTbIO
llyankape. B wacHocTu,

dim HH=*2¢(Z)c) = dim HH=(m=n+k2(m=0(z,.,

ObpaTHoe HeBepHO, B OTAMYME OT 0bbIUHBIX Koromonoruii H*(Z).
Hanpumep, ecan K ectb Habop ns m otaensHbix Touek, To HH*(Zx)
aensietcs anrebpoii Myarkape, HO K He SIBNSieTCA roMONOrnyeckoli ccpepoii
npum m > 2.

v
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Teopema

llycts K — romonorundeckas cepepa pasmeprnoctu n — 1. Torgpa pBosiHbie
koromonorun HH*(Zx) ssnstotcs anrebpoii ¢ 4BOACTBEHHOCTbIO
llyankape. B wacHocTu,

dim HH=*2¢(Z)c) = dim HH=(m=n+k2(m=0(z,.,

ObpaTHoe HeBepHO, B OTAMYME OT 0bbIUHBIX Koromonoruii H*(Z).
Hanpumep, ecan K ectb Habop ns m otaensHbix Touek, To HH*(Zx)
aensietcs anrebpoii Myarkape, HO K He SIBNSieTCA roMONOrnyeckoli ccpepoii
npum m > 2.

Bonpoc

Onucate knacc cumnanymansHbix kommnaekcos I, gns kotopbix HH* (Zx)
sasnserca anrebpoii lyankape.
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Mycte X — nceBgomeTpuyeckoe npocTpaHcTBO (0bnako Tovek).
Mogaynb 6urpagynpoBaHHbIX NEPCUCTEHTHBIX ABONHBIX FOMOMOrUl
pasmepHocTn (—i,2j) ecTb

,PHHZ_,'72J'(X): Rep — k-MOD, t+— HH—i,2j(ZR(X,t))-
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Mycte X — nceBgomeTpuyeckoe npocTpaHcTBO (0bnako Tovek).
Mogaynb 6urpagynpoBaHHbIX NEPCUCTEHTHBIX ABONHBIX FOMOMOrUl
pasmepHocTn (—i,2j) ecTb

’PHHZ_;QJ'(X)Z R>0 — k—MOD, t— HH—i,2j(ZR(X,t))-

BurpayuposaHHble NepCUCTEHTHBIE FOMONOMUN — (DYHKTOP B KaTErOpPUIO
andbepeHLManbHbIX rpafynpoBaHHbIX k-BEKTOPHbLIX MPOCTPAHCTE:

PHZ(X): R0 — DG(k-MOD),  t = (H.x(Zr(x,1)), ).
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Mycte X — nceBgomeTpuyeckoe npocTpaHcTBO (0bnako Tovek).
Mogaynb 6urpagynpoBaHHbIX NEPCUCTEHTHBIX ABONHBIX FOMOMOrUl
pasmepHocTn (—i,2j) ecTb

PHHZ_,"2J'(X): R>0 — k—MOD, t— HH_;’2J'(ZR(X¢)).

BurpayuposaHHble NepCUCTEHTHBIE FOMONOMUN — (DYHKTOP B KaTErOpPUIO
andbepeHLManbHbIX rpafynpoBaHHbIX k-BEKTOPHbLIX MPOCTPAHCTE:

PHZ(X): R0 — DG(k-MOD),  t = (H.x(Zr(x,1)), ).

Torpa
PHHZ(X) =H o PHZ(X),

rae H: DG(k-MOD) — k-MOD — hyHKTOp romMosornii.
710 ypobHo anst cpaBHeHnsi paccTosiHuii nepemexenus (interleaving
distances).
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BB(X): asoiiHoii bapkos, cooTBETCTBYOWMIA BurpagymposaHHomy
nepcuctenTHoMy moaynto PHHZ(X). J
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BB(X): neoiiHoli bapkos, cooTBeTCTBYtOWMA BurpagymposaHHomy
nepcuctenTHoMy moaynto PHHZ(X). J

BurpagynposanHbie nepcncTeHTHbIE FoMonorun He 0b1agaloT CBOWCTBOM
cTabunbHOCTU, a BurpagympoBaHHsle gBolHbIE roMonoruy UM obnagatoT:
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BB(X): neoiiHoli bapkos, cooTBeTCTBYtOWMA BurpagymposaHHomy
nepcuctenTHoMy moaynto PHHZ(X).

BurpagynposanHbie nepcncTeHTHbIE FoMonorun He 0b1agaloT CBOWCTBOM
cTabunbHOCTU, a BurpagympoBaHHsle gBolHbIE roMonoruy UM obnagatoT:

Teopema (Bapr—Jlumonuenko-MaHos-Conr-Crennn)

Mycte BB(X) un BB(Y') burpagyvmposatHsie 6apkogel nepCucTeHTHbIX
mogyneri PHHZ(X) n PHHZ(Y). Torga

Woo (BB(X), BB(Y)) < 2d6u(X, Y).
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