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A link L with n components in three-dimensional torus T 3 is an embedding
of a disjoint union of n circle S1 into three-dimensional torus. If n = 1 the
link is called knot. Two link are considered equivalent if they are ambient
isotopic, that is, if there exists a continuous deformation of T 3 which takes
one link to the other.
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Рис.: 3-torus
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A diagram of link in T 3 is a regular plane graph represented on a square
(see Vuong), which has nodes of 4-valent (with extra structure representing
the crossing in the link) and also 2-valent nodes (vertices with poles). One
says that two such diagrams are equivalent if there is a sequence of
generalised Reidemeister moves and vertex moves taking one diagram to
the other. These moves are performed locally on the regular plane graph
(with extra structure) that constitutes the link diagram.

Выонг Бао (ТГУ) Узлы и зацепления в 3-торе 08 Декабря 2023 3 / 44



R1

R2

R3

R4, R5 moving through boundary

Выонг Бао (ТГУ) Узлы и зацепления в 3-торе 08 Декабря 2023 4 / 44



+_
+ _ V1

V2
+ _

+ _

+_ +_

Fobidden move

Switching vertex move

V2’

+ _ +_ V1

Выонг Бао (ТГУ) Узлы и зацепления в 3-торе 08 Декабря 2023 5 / 44



loop z

loop x

loop y

C

Cε
2

Рис.: A link in 3-torus
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Рис.: Diagram
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Рис.: State sum model
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What am I looking for?
A state sum model for that type of formal diagrams of knots in 3-torus
The philosophy is any object and evaluation can be the Euler characteristic
of some chain complexes.
And so there must be a homology theory behind the scene?!
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Рис.: Combinatorial stability
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How can Boolean algebra be involved to this type of switching? Or the Z2

structure here could be applied?
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Рис.: Borromean rings
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Рис.: Knots in 3-torus
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I supposed an algorithm to get a presentation of the fundamental group of
link complement from a diagram of the link as defined above. Having a
diagram of a knot K in three dimensional torus we can easily define its
homology class [K ] ∈ Z3 of K . Also having a presentation of the
fundamental group of link complement, the abelianization of the
fundamental group π1(T 3\L)/[π1(T 3\L), π1(T 3\L)] is its first homology
group H1(T 3\L).
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By the diagrams with polarised vertices
W : w1, ...,ws are the classical Wirtinger relations for each crossing, that is
of the type aiaja

−1
i a−1k = 1 or aia−1j a−1i a−1k = 1;

Q: Relations between loops corresponding to overpasses with identified
endpoints on the boundary x ′i = yγ−1k+1xiγk+1y

−1, y ′j = x−1γ−1k+1yjγk+1x ,
γ−1k z ′kγk = z−1γ−1k zkγkz
T: Torus relations xε11 ...x

εn
n = zxz−1x−1, yν11 ...y

νm
m = yzy−1z−1,

zτ11 ...z
τl
l = yxy−1x−1, when n,m or l is zero then the corresponding

product define to be 1.
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By the diagrams with surgery on Borromean rings
W : w1, ...,ws are the classical Wirtinger relations for each crossing
S: Surgery relations l1 = 1; l2 = 1; l3 = 1, corresponding to the three
parallels of the Borromean rings in terms of generators as in classical
diagram.

Рис.: Knots in 3-torus
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Рис.: Бурый
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Theorem (V.)

Let L be a link in 3-torus T 3, with components L1, ..., Lω. For each
ι = 1, ..., ω, let (δι, σι, ξι) = [Lι] ∈ Z3 = H1(T 3). Then

H1(T 3\L) ∼=


Z3 ⊕ Zρ, if ω = 1

Z3 ⊕ Zκ ⊕ Zλ, if ω = 2

Zω ⊕ Zζ ⊕ Zη ⊕ Zθ, if ω ≥ 3.

where ρ = gcd(δ1, σ1, ξ1); κ and λ are the invariant factor of the matrix
M1; ζ, η and θ are the invariant factor of the matrix M2.

M1 =

δ1 δ2
σ1 σ2
ξ1 ξ2

 ;

M2 =

δ1 δ2 ... δω
σ1 σ2 ... σω
ξ1 ξ2 ... ξω

 .
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Now we see that the first homology group might contain torsion part. We
say that a link L ∈ T 3 is nontorsion if torsion part Tors(H1(T 3\L)) is zero,
otherwise we say that L is torsion. A local link or affine link is a link, which
can be isotoped so that it’s contained inside a 3-ball in T 3. A local link is
clearly nontorsion.
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The relation between Alexander polynomial of a knot and the torsion
invariant of Reidemeister, Franz and de Rham for knot complement was
first noticed by Milnor. As a consequence of the relation, Milnor gave
another proof for symmetry of Alexander polynomial. Milnor applied the
result to knot theory, considering the case of classical knot, i.e. the knot
complement has the homology of the circle.
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It turns out that there are similar relations between Reidemeister torsion
and twisted Alexander polynomial for the case of knot complement in other
spaces, rather than three dimensional sphere when the homology group
contains also torsion. The technology to get explicit relations as Milnor had
created making use of simple homotopy theory for CW-complexes and Fox
free differential calculus. Those ensure a CW structure for the knot
complement, associated with a presentation of the fundamental group, so
that the boundary maps are obtained by free derivatives. The method works
out fine also for the case of knots and links in three dimensional torus.
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Given a presentation of the group of a link, one may calculate its Alexander
polynomial using Fox free calculus. We recall the following definition of
Alexander polynomials. Let

P = 〈x1, ..., xn|r1, ..., rm〉
be a presentation of a group G and denote by H = G/G ′ its abelianization.
Let F = 〈x1, ..., xn〉 be the corresponding free group. We apply the chain of
maps

ZF
∂
∂x−→ ZF γ−→ ZG α−→ ZH,

where ∂
∂x denotes the Fox differential, γ is the quotient map by relations

r1, ..., rm and α is the abelianization map. The Alexander-Fox matrix of the
presentation P is the matrix A = [ai ,j ], where ai ,j = α(γ( ∂ri∂xj

)) for
i = 1, ...,m and j = 1, ..., n. For k = 1, ..., min{m − 1, n − 1}, the k-th
elementary ideal Ek(P) is the ideal of ZH, generated by the determinants
of all the (n − k) minors of A. The first elementary ideal E1(P) is the ideal
of ZH, generated by the determinants of the all the (n − 1) minors of A.

Выонг Бао (ТГУ) Узлы и зацепления в 3-торе 08 Декабря 2023 23 / 44



Definition

Let L ⊂ S3 be a link, and let Ek(P) be the k-th elementary ideal, obtained
from a presentation P of fundamental group π1(S3\L, ∗). Then the k-th
link polynomial ∆k(L) is the generator of the smallest principal ideal
containing Ek(P). The Alexander polynomial of L, denoted by ∆(L), is the
first link polynomial of L.

For a classical link L in S3, the abelianization of π1(S3\L, ∗) is the free
abelian group, whose genereators correspond to the components of L. For a
link in 3-torus T 3, the abelianization of its link group may also contain
torsion. In this case, the Alexander polynomial is not defined, we need the
notion of twisted Alexander polynomials. Thus we recall the definition of
twisted Alexander polynomials.
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Let G be a group with a finite presentation P and ablianizatioon
H = G/G ′ and denote K = H/Tors(H). Then every representation
φ : Tors(H)→ C∗ = C\{0} determines a twisted Alexander polynomial
∆φ(P) as follows. Choosing a splitting H = Tors(H)× K , φ induces a ring
homomorphism φ : Z[H]→ C[K ] sending (f , g) ∈ Tors(H)× K to φ(f )g .
The ring homomorphism is called twisted homomorphism. Thus we apply
the chain of maps

Z[F ]
∂
∂x−→ Z[F ]

γ−→ Z[G ]
α−→ Z[H]

φ−→ C[K ]

and obtain the φ-twisted Alexander matrix Aφ =
[
φ(α(γ( ∂ri∂xj

)))
]
. The

twisted Alexander polynomial is then defined by ∆φ(P) = gcd(φ(E1(P))).
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Definition

Let L ⊂ T 3 be a link in the three dimensional torus T 3. For any
presentation P of the link group π1(T 3\L, ∗), we may define the following.
The Alexander polynomial of L, denoted by ∆(L), is the generator of the
smallest principal ideal containing E1(P).
For any homomorphism φ : Tors(H1(T 3\L))→ C∗, the φ-twisted
Alexander polynomial of L is ∆φ(L) = gcd(φ(E1(P))).

We know that the torsion subgroup of H1(T 3\L)) is the group
Zζ ⊕ Zη ⊕ Zθ in general. The φ-twisted Alexander polynomial
∆φ(L) ∈ Z[Ω][K ] is defined up to multiplication by a unit.
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Reidemeister torsion of cell complex

Let F be a field, V be a k-dimensional vector space over F. Suppose that
b = (b1, b2, ..., bk) and c = (c1, c2, ..., ck) are two bases of V then there is
a non-singular k × k matrix (aij) such that bj =

∑k
i=1 aijci . We write

[b/c] = det(aij) ∈ F∗. Two bases b and c are said to have the same
orientation if [b/c] > 0, and to be equivalent if [b/c] = 1.

Let 0→ C
α−→ D

β−→ E → 0 be a short exact sequence of vector spaces. Let
c = (c1, c2, ..., ck) be a basis for C and e = (e1, e2, ..., el) be a basis for E .
Since the map β is surjective we can lift ei to a vector ẽi in D. Then
ce = (c1, ..., ck , ẽ1, ..., ẽl) is a basis for D and its equivalent class depends
not on the choice of ẽi but only on the equivalence classes of c and e.
The finite chain complex

(C , ∂) = (0→ Cm
∂m−→ Cm−1

∂m−1−−−→ · · · ∂2−→ C1
∂1−→ C0 → 0) of

finite-dimensional vector spaces over F is called acyclic if it is exact. The
chain is called based if for each Ci a basis is chosen.
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Assume that (C , ∂) is acyclic and based with basis c . Choose a basis bi for
Bi = Im ∂i+1 = ker ∂i . From the short exact sequence
0→ Bi → Ci → Bi−1 → 0 we get a basis bibi−1 for Ci .

Definition
The torsion of the acyclic and based chain complex C is defined to be
τ(C ) =

∏m
i=0[bibi−1/ci ]

(−1)i+1 ∈ F. If C is not acyclic then τ(C ) is defined
to be 0.

The torsion τ(C ) depends on c but does not depend on the choice of bi ’s.
If a basis c ′i is used instead of ci then the torsion is multiplied with
[ci/c

′
i ]
(−1)i+1

.
Let X be a finite connected CW-complex and let π = π1(X ). The universal
cover X̃ of X has canonical CW-complex structure obtained by lifting the
cells of X . If {eki , 1 ≤ i ≤ nk} is an ordered set of oriented k-cells of X and
ẽki is any lift of eki then the ordered set {ẽki , 1 ≤ i ≤ nk} is a basis of the
Z[π]-module Ci (X̃ ).
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If Z[π]
φ−→ F is a ring homomorphism then by the change of rings

construction F⊗ C∗(X̃ ) is a chain complex of finite dimensional vector
spaces over F. If this chain complex is acyclic then its torsion
τ(F⊗ C∗(X̃ )) ∈ F∗ is defined. However τ(F⊗ C∗(X̃ )) depends on the
chosen of basis for C∗(X̃ ), that is on the choices of lifting cells
{ẽki , 1 ≤ i ≤ nk}. If we fix a choice of a set of lifting cells as a basis for the
Z[π]-module Ci (X̃ ) but change the order of the cells in the basis then
τ(F⊗ C∗(X̃ )) is multiplied with ±1. If we change the orientations of the
cells then torsion is also multiplied with ±1. If we choose a different lifting
cell for eki – by an action h.ẽki of a covering transformation h ∈ π – then
torsion is multiplied with φ(h)±1.

Definition

The Reidemeister torsion τφ(X ) of the CW-complex X is defined to be the
image of τ(F⊗ C∗(X̃ )) under the quotient map F→ F/± φ(π).
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It is well known that torsion is a simple homotopy invariant and a
topological invariant of compact connected CW-complexes. And for every
topological manifold of dimension 3 admits a piecewise linear structure or
in other words admits a triangulation. Such a piecewise linear structure is
unique in the sense that every homeomorphism h between two piecewise
linear manifolds is isotopic to a piecewise linear homeomorphism. In terms
of triangulations, the triangulations can be subdivided so that there is an
isomorphism of the subdivided triangulations isotopic to h. Thus torsion is
well-defined for our cases.
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Remark. We see, that for defining the twisted Alexander polynomial we
need a representation φ : Tors(H)→ C∗ = C\{0} of the torsion part
Tors(H) into C∗ as described in the section 3. The representation induces

the twisted homomorphism Z[H]
φ−→ C[K ], that we also denote by φ. If

Q(K ) denotes the field of quotient of C[K ]. Then by composing with the
projection into the quotient, twisted homomorphism φ determines a ring
homomorphism from Z [H] to the field Q(K ) that we still denote by φ.
Thus with a representation φ : Tors(H)→ C∗ we can define both a twisted
Alexander polynomial ∆φ and a torsion τφ.
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Reidemeister torsion of link complements in 3-torus

Let L be a link in three dimensional torus T 3. The Euler characteristic of
3-torus T 3 is χ(T 3) = 0. Removing a tubular neighborhood N(L) of the
link L from 3-torus T 3 we obtain a compact 3-manifold X with boundary,
that is the link complement in 3-torus. In terms of Euler characteristic, we
have 0 = χ(T 3) = χ(X ∪ N(L)) = χ(X ) + χ(N(L))− χ(X ∩ N(L)), that
implies χ(X ) = 0.
The complement X , then by pushing in one free face at a time, we can
collapse X down to a 2-dimensional subcomplex Y , so X is simple
homotopic to Y (see Whitehead). The 2-cell complex Y is of Euler
characteristic zero. We can ensure that Y has a cellular structure,
containing only one 0-cell σ0; n 1-cells σ11, ..., σ

1
n, m 2-cells σ21, ..., σ

2
m,

where m = n − 1.
The boundary maps are ∂1 = 0 and ∂2(σ2i ) = ri , where ri is a word in σ1j ,
giving a presentation of fundamental group as
π = 〈x1, x2, ..., xn|r1, r2, ..., rm〉.
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A derivation from a paper by Huynh and Le

Let Ỹ be the maximal abelian cover of Y . The cellular complexes of Ỹ is
considered as modules over integral group ring Z(H), where H is the first
homology group of Y . We have a chain complex of Z(H)-modules

C2(Ỹ )
∂2−→ C1(Ỹ )

∂1−→ C0(Ỹ )→ 0

The boundary maps are obtained by Fox’s free differential calculus
(Compare Fox p. 547, Milnor p. 146): ∂1(σ̃1i ) = pr(xi − 1)σ̃0 and
∂2(σ̃2i ) =

∑n
j=1 pr( ∂ri∂xj

)σ̃1j , where the tilde sign denotes a lift of the cell to

Ỹ . The natural projection pr is the composition of the maps α, γ in the
chain Z[F ]

γ−→ Z[G ]
α−→ Z[H].
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Fix a splitting of H as a product H = K × Tors(H) of the free part
K = H/Tors(H) and the torsion part Tors(H). Denote the quotient field
Q(C[K ]) of C[K ] by Q(K ). Using the homomorphism
φ : Z[H]→ C[K ] ↪→ Q(K ), construct the tensor Q(K )⊗Z[H] Ci (Ỹ ),
considered as a vector space over Q(K ). We have a chain complex of
vector spaces over Q(K ):

C = (Q(K )⊗Z[H],φ C2(Ỹ )
∂2−→ Q(K )⊗Z[H],φ C1(Ỹ )

∂1−→ Q(K )⊗Z[H],φ C0(Ỹ )→ 0).
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The boundary maps are [∂1]i = φ(xi )− 1, and [∂2]i ,j = φ(
∂rj
∂xi

), 1 ≤ u < n,
1 ≤ j ≤ n − 1. Let A = [∂2]t .
Denote the columns of A by ui , 1 ≤ i ≤ n, and denote the
(n− 1)× (n− 1) matrix obtained from A by omitting the column ui by Ai .
Since C is a chain we have 0 = ∂1(∂2(σ̃2i )) = (

∑n
j=1 φ( ∂ri∂xj

)(φ(xj)− 1))σ̃0,

thus
∑n

j=1 φ( ∂ri∂xj
)(φ(xj)− 1) = 0. That means

∑n
j=1(φ(xj)− 1)uj = 0. For

any i > j we have

(φ(xj)− 1)detAi = det[u1, ..., uj−1, (φ(xj)− 1)uj , uj+1, ..., ûi , ..., un]

= det[u1, ..., uj−1,−
∑
k 6=j

(φ(xk)− 1)uk , uj+1, ..., ûi , ..., un]

= (−1)i−j+1(φ(xi )− 1)detAj .

Thus for any i and j ,

(φ(xi )− 1)detAj = ±(φ(xj)− 1)detAi . (1)
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Because H has at least three free generators (Theorem 1), the image φ(π)
cannot be {1}, thus there is at least one xi such that φ(xi ) 6= 1. The
property ∂1(σ̃1i ) = (φ(xi )− 1)σ̃0 implies ∂1( 1

φ(xi )−1 σ̃
1
i ) = σ̃0, so ∂1 is onto.

Therefore the chain C is exact if and only if ∂2 is injective, which means
the rank of its matrix is exactly n − 1. Thus C is acyclic if and only if A
has a nonzero (n − 1)× (n − 1) minor.
The Reidemeister torsion of C with respect to φ is the torsion τφ(Y ) of Y ,
and since torsion is a simple homotopy invariant, it is also the torsion
τφ(X ) of X .
Now if we assume that C is acyclic. Take the standard bases of
Q(K )⊗Z[H],φ C∗(Ỹ ) given by σ̃ij as above. A lift of c0 = {σ̃0} is
{ 1
φ(xi )−1 σ̃

1
i }. Then

τφ(X ) = [(
n∑

j=1

φ(
∂r1
∂xj

)σ̃1j , ...,
n∑

j=1

φ(
∂rn−1
∂xj

)σ̃1j ,
1

φ(xi )− 1
σ̃1i )/(σ̃11, ..., σ̃

1
n)]

=
(−1)i+n

(φ(xi )− 1)
detAj .
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Thus if φ(xi ) 6= 1 then τφ(X ) = ±detAi/(φ(xi )− 1). By equation 1 if
φ(xj) = 1 then detAj = 0, hence the following formula is correct for all i ,
whether C is acyclic or not:

(φ(xi )− 1)τφ(X ) = ±detAi ∈ Q(K )/± K . (2)

Remark. The equation 2, derived in the work by Huynh and Le for links in
projective space, is hold for links in lens space and for link complement in
any space of Euler characteristic zero.
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Theorem (V.)

The Reidemeister torsion and the twisted Alexander polynomial of the
complement of a link in 3-torus are the same.

Proof
The cellular structure of the link complement X in 3-torus is simple
homotopic to a 2-dimensional subcomplex Y of Euler characteristic zero,
so the structure admits a presentation for the fundamental group of X with
n generators and m = n − 1 relations. So the Alexander-Fox matrix A
associated to such a presentation is a (n − 1)× n matrix. So the twisted
Alexander polynomial ∆φ(X ) is defined to be the greatest common devisor
gcd(detA1, ..., detAn) of all (m − 1)-minor Ai of matrix A, obtained by
removing the i-th column of A.
By equation (2), we have

∆φ(X ) = gcd(detA1, ..., detAn) =

= gcd((φ(x1)− 1)τφ(X ), ..., (φ(xn)− 1)τφ(X ))
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Case 1: L is a non-torsion knot or link. We have the first homology group
of complement (see section 2) is H1(T 3\L) ∼= Z3 ⊕ Zω, where ω is the
number of components. Denote with t1, ..., tω+3 the generators of H1.

Then φ(xi ) = t
h1i
1 ...t

hω+3
i
ω+3 for i = 1, ..., n. Let

g = gcd((φ(x1)− 1), ..., (φ(xn)− 1) ∈ Z[t, t−1].

For a moment we set t2 = ... = tω+3 = 1. So g divides each of (t
h1i
1 − 1)

for i = 1, ..., ω + 3. Observe that (see Lickorish) for any a, b ∈ Z

(ta − 1) + ta(tb − 1) = ta+b − 1

and

(ta − 1)− ta−b(tb − 1) = ta−b − 1.
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Applying the argument we conclude that g divides t
∑n

i=1 αih
1
i

1 − 1 for any
αi ∈ Z. Since t1 is an element of canonical projection of fundamental
group pr(π) there is a collection of αi ∈ Z such that

t1 =
∏n

i=1 pr(xαi
i ) = t

∑n
i=1 αih

1
i

1 . Thus g divides (t1 − 1). Now by letting
tj = 1 for j 6= i , i = 2, .., (ω + 3) and repeating the argument we obtain
g = gcd((φ(x1)− 1), ..., (φ(xn)− 1) = gcd((t1 − 1), ..., (tω+3 − 1) = 1
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Case 2: L is a torsion link. The first homology group of link complement
has free part of rank at most ω + 2 and the torsion part might be a
product of at most three cyclic group Zζ ⊕ Zη ⊕ Zθ, where ζ, η, θ ∈ N are
the order of respective groups. Without lost of generality we consider the
case when the first homology group has the rank r and torsion part has the
structure Zζ ⊕ Zη ⊕ Zθ. Now denote with t1, ..., tr the generators of free
part F and u1, u2, u3 are the generator of torsion part Tors(H1).
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We have projection of xi is pr(xi ) = t
h1i
1 ...t

hri
r u

k1
i

1 u
k2
i

2 u
k3
i

3 . For some
homomorphism φ : Tors(H1)→ C∗ the image φ(xi ) is defined to be

φ(xi ) = t
h1i
1 ...t

hri
r φ(u

k1
i

1 u
k2
i

2 u
k3
i

3 ). Setting t2 = ... = tr = 1, applying the
previous reasoning we conclude that g = gcd((φ(x1)− 1), ..., (φ(xn)− 1)

divides t
∑n

i=1 αih
1
i

1 φ(u
∑n

i=1 αik
1
i

1 u
∑n

i=1 αik
2
i

2 u
∑n

i=1 αik
3
i

3 )− 1 for any αi ∈ Z. Since
t1 is an element of canonical projection of fundamental group pr(π) there
is a collection of αi ∈ Z such that
t1 =

∏n
i=1 pr(xαi

i ) = t
∑n

i=1 αih
1
i

1 φ(u
∑n

i=1 αik
1
i

1 u
∑n

i=1 αik
2
i

2 u
∑n

i=1 αik
3
i

3 ). So∑n
i=1 αih

1
i = 1 and φ(u

∑n
i=1 αik

1
i

1 u
∑n

i=1 αik
2
i

2 u
∑n

i=1 αik
3
i

3 ) = 1. Thus
analogously we get gcd((φ(x1)− 1), ..., (φ(xn)− 1) = 1 that complete the
proof.
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Thank you!
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