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1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

Ïóñòü K a ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå
[m] = {1, 2, 3, . . . ,m}, ∅ ∈ K.
I = {i1, . . . , ik} ∈ K íàçûâàåòñÿ ñèìïëåêñîì.

(X ,A) = {(X1,A1), . . . , (Xm,Am)} ïîñëåäîâàòåëüíîñòü ïàð
òîïîëîãè÷åñêèõ ïðîñòðàíñòâ, Ai ⊂ Xi .

Ïóñòü I = {i1, . . . , ik} ⊂ [m], ïîëîæèì

(X ,A)I = Y1 × · · · × Ym where Yi =

{
Xi if i ∈ I ,
Ai if i /∈ I .
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1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

K-ïîëèýäðàëüíûì ïðîèçâåäåíèåì (X ,A) íàçûâàåòñÿ

(X ,A)K :=
⋃
I∈K

(X ,A)I =
⋃
I∈K

(∏
i∈I

Xi ×
∏
j /∈I

Aj

)
,

ãäå îáúåäèíåíèå áåð¼òñÿ âíóòðè X1 × · · · × Xm.

Îáîçíà÷åíèÿ: (X ,A)K := (X ,A)K ãäå âñå (Xi ,Ai ) = (X ,A);

X
K := (X , pt)K, XK := (X , pt)K.
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Ïðèìåð

Ïóñòü (X ,A) = (S1, pt), ãäå S1 îáîçíà÷àåò îêðóæíîñòü. Òîãäà

(S1)K =
⋃
I∈K

(S1)I ⊂ (S1)m.

Êîãäà K = {∅, {1}, . . . , {m}} (äèñêðåòíûé íàáîð èç m òî÷åê),

ïîëèýäðàëüíîå ïðîèçâåäåíèå (S1)K ÿâëÿåòñÿ áóêåòîì èç m
îêðóæíîñòåé (S1)∨m.

Êîãäà K ñîäåðæèò âñå ñîáñòâåííûå ïîäìíîæåñòâà [m] (ãðàíèöà ∂∆m−1

� (m − 1)-ìåðíîãî ñèìïëåêñà), (S1)K ÿâëÿåòñÿ òîëñòûì áóêåòîì m
îêðóæíîñòåé; ýòî ïîëó÷àåòñÿ óäàëåíèåì êëåòêè âûñøåé ðàçìåðíîñòè

èç m-ìåðíîãî òîðà (S1)m.

Âîîáùå, äëÿ K íà m âåðøèíàõ, (S1)∨m ⊂ (S1)K ⊂ (S1)m.
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Ïðèìåð

Ïóñòü (X ,A) = (R,Z). Òîãäà

LK := (R,Z)K =
⋃
I∈K

(R,Z)I ⊂ Rm.

Êîãäà K ÿâëÿåòñÿ äèñêðåòíûì íàáîðîì èç m òî÷åê, LK ÿâëÿåòñÿ

ðåø¼òêîé â Rm, ñîñòîÿùåé èç âñåõ ïðÿìûõ, ïàðàëëåëüíûõ

êîîðäèíàòíûì îñÿì è ïðîõîäÿùèì ÷åðåç öåëî÷èñëåííûå òî÷êè.

Êîãäà K = ∂∆m−1, êîìïëåêñ LK ÿâëÿåòñÿ îáúåäèíåíèåì âñåõ

öåëî÷èñëåííûõ ãèïåðïëîñêîñòåé, ïàðàëëåëüíûõ êîîðäèíàòíûì

ãèïåðïëîñêîñòÿì.
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1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

Ïóñòü G = (G1, . . . ,Gm) ïîñëåäîâàòåëüíîñòü m äèñêðåòíûõ ãðóïï, ãäå
Gi ̸= {1}.
K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m] = {1, 2, . . . ,m}.

Îïðåäåëåíèå

Ãðàô-ïðîèçâåäåíèåì ãðóïï G1, . . . ,Gm ÿâëÿåòñÿ

G
K :=

m

⋆
k=1

Gk

/
(gigj = gjgi äëÿ gi ∈ Gi , gj ∈ Gj , {i , j} ∈ K),

ãäå⋆m

k=1 Gk îáîçíà÷àåò ñâîáîäíîå ïðîèçâåäåíèå ãðóïï Gk .

Ãðàô-ïðîèçâåäåíèå GK çàâèñèò òîëüêî îò 1-îñòîâà (ãðàôà) K.
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Ïðèìåð

Ïóñòü Gi = Z. Òîãäà GK ÿâëÿåòñÿ ïðÿìîóãîëüíîé ãðóïïîé Àðòèíà

RAK = F (g1, . . . , gm)
/
(gigj = gjgi äëÿ {i , j} ∈ K),

ãäå F (g1, . . . , gm) ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé ñ m îáðàçóþùèìè.

Êîãäà K ÿâëÿåòñÿ ïîëíûì ñèìïëåêñîì, ãðóïïà RAK = Zm. Êîãäà K
ÿâëÿåòñÿ äèñêðåòíûì íàáîðîì èç m òî÷åê, ìû ïîëó÷àåì ñâîáîäíóþ

ãðóïïó ðàíãà m.

Ïðèìåð

Ïóñòü Gi = Z2. Òîãäà G
K ÿâëÿåòñÿ ïðÿìîóãîëüíîé ãðóïïîé Êîêñòåðà

RCK = F (g1, . . . , gm)
/
(g2

i = 1, gigj = gjgi äëÿ {i , j} ∈ K).
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Òåîðåìà

Ïóñòü RAK � ïðÿìîóãîëüíàÿ ãðóïïà Àðòèíà.

1 π1((S
1)K) ∼= RAK.

2 Îáà (S1)K è LK = (R,Z)K àñôåðè÷åñêàÿ òîãäà è òîëüêî òîãäà,

êîãäà K � ôëàãîâûé.

3 πi ((S
1)K) ∼= πi (LK) äëÿ i ⩾ 2.

4 π1(LK) èçîìîðôíà êîììóòàíòó RA′
K.

Òåîðåìà

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà.

1 π1((RP∞)K) ∼= RCK.

2 Îáà (RP∞)K è RK = (D1,S0)K àñôåðè÷åñêèå òîãäà è òîëüêî

òîãäà, êîãäà K � ôëàãîâûé.

3 πi ((RP∞)K) ∼= πi (RK) äëÿ i ⩾ 2.

4 π1(RK) èçîìîðôíà êîììóòàíòó RC ′
K.
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Ïðèìåð

Ïóñòü K ÿâëÿåòñÿ ãðàíèöåé m-óãîëüíèêà.

Â ýòîì ñëó÷àå RK ãîìåîìîðôíà çàìêíóòîé îðèåíòèðóåìîé

ïîâåðõíîñòè ðîäà (m − 4)2m−3 + 1.
(Ýòî íàáëþäåíèå íàïðàâëÿåò ê ðàáîòå Êîêñåòåðà 1938 ãîäà.)

Ñëåäîâàòåëüíî, êîììóòàíò ñîîòâåòñòâóþùåé ïðÿìîóãîëüíîé ãðóïïû

Êîêñòåðà RCK ÿâëÿåòñÿ ãðóïïîé ïîâåðõíîñòè.

Àíàëîãè÷íî, êîãäà |K| ∼= S2 (÷òî ýêâèâàëåíòíî òîìó, ÷òî K ÿâëÿåòñÿ

ãðàíèöåé òð¼õìåðíîãî ñèìïëèöèàëüíîãî ìíîãîãðàííèêà), RK ÿâëÿåòñÿ

òðåõìåðíûì ìíîãîîáðàçèåì. Ñëåäîâàòåëüíî, êîììóòàòîð

ñîîòâåòñòâóþùåé RCK ÿâëÿåòñÿ ãðóïïîé 3-ìíîãîîáðàçèÿ.
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Òåîðåìà (Ïàíîâ-Â)

Ïóñòü RAK è RCK � ïðÿìîóãîëüíûå ãðóïïû Àðòèíà è Êîêñòåðà,

ñîîòâåòñòâóþùèå ñèìïëèöèàëüíîìó êîìïëåêñó K.
(a) Êîììóòàíò RA′

K ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé òîãäà è òîëüêî

òîãäà, êîãäà K1 ÿâëÿåòñÿ õîðäîâûì ãðàôîì.

(b) Êîììóòàíò RC ′
K ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé òîãäà è òîëüêî

òîãäà, êîãäà K1 ÿâëÿåòñÿ õîðäîâûì ãðàôîì.

×àñòü (à) ÿâëÿåòñÿ ðåçóëüòàòîì Servatius, Droms è Servatius.

Ðàçíèöà ìåæäó (à) è (á) çàêëþ÷àåòñÿ â òîì, ÷òî êîììóòàíò RA′
K

áåñêîíå÷íî-ïîðîæä¼í, òîãäà êàê êîììóòàíò RC ′
K � êîíå÷íî-ïîðîæä¼í.
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Ïóñòü G � ãðóïïà. Êîììóòàòîð äâóõ ýëåìåíòîâ a, b ∈ G , çàäà¼òñÿ
ôîðìóëîé (a, b) = a−1b−1ab.

Ìû îïðåäåëèì ñëåäóþùèé âëîæåííûé êîììóòàòîð äëèíû k

(qi1 , qi2 , . . . , qik ) := (. . . ((qi1 , qi2), qi3), . . . , qik ).

êàê ïðîñòîé âëîæåííûé êîììóòàòîð qi1 , qi2 , . . . , qik .

Àíàëîãè÷íî ìû îïðåäåëÿåì ïðîñòîé âëîæåííûé êîììóòàòîð Ëè

[µi1 , µi2 , . . . , µik ] := [. . . [[µi1 , µi2 ], µi3 ], . . . , µik ].
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Äëÿ ëþáîé ãðóïïû G è ëþáûõ òð¼õ ýëåìåíòîâ a, b, c ∈ G ñïðàâåäëèâû
ñëåäóþùèå òîæäåñòâà Âèòòà�Õîëëà:

(a, bc) = (a, c)(a, b)(a, b, c),

(ab, c) = (a, c)(a, c , b)(b, c),

(a, b, c)(b, c , a)(c , a, b) = (b, a)(c, a)(c , b)a(a, b)(a, c)b(b, c)a

(a, c)(c , a)b,

(1)

ãäå ab = b−1ab.

Ïóñòü H,W ⊂ G � ïîäãðóïïû. Îïðåäåëèì (H,W ) ⊂ G êàê ïîäãðóïïó,
ïîðîæä¼ííóþ âñåìè êîììóòàòîðàìè (h,w), h ∈ H,w ∈ W . Â
÷àñòíîñòè, êîììóòàíò G ′ ãðóïïû G åñòü (G ,G ).

Îïðåäåëåíèå

Äëÿ ëþáîé ãðóïïû G ïîëîæèì γ1(G ) = G è îïðåäåëèì èíäóêòèâíî
γk+1(G ) = (γk(G ),G ). Ïîëó÷åííàÿ ïîñëåäîâàòåëüíîñòü ãðóïï
γ1(G ), γ2(G ), . . . , γk(G ), . . . íàçûâàåòñÿ íèæíèì öåíòðàëüíûì ðÿäîì

ãðóïïû G .
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Îïðåäåëåíèÿ

Åñëè H ⊂ G � íîðìàëüíàÿ ïîäãðóïïà, ò. å. H = g−1Hg äëÿ âñåõ g ∈ G ,
ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå H ◁ G .
Â ÷àñòíîñòè, γk+1(G )◁ γk(G ), è ôàêòîð-ãðóïïà γk(G )/γk+1(G )
ÿâëÿåòñÿ àáåëåâîé. Îáîçíà÷èì Lk(G ) := γk(G )/γk+1(G ) è ðàññìîòðèì
ïðÿìóþ ñóììó

L(G ) :=
+∞⊕
k=1

Lk(G ).

Âîçüì¼ì ak ∈ γk(G ) ⊂ G , îáîçíà÷èì ÷åðåç ak åãî êëàññ
ñîïðÿæ¼ííîñòè â ôàêòîð-ãðóïïå Lk(G ). Åñëè ak ∈ γk(G ), al ∈ γl(G ),
òîãäà (ak , al) ∈ γk+l(G ). Òîãäà òîæäåñòâà Õîëëà-Âèòòà äàþò, ÷òî L(G )
� ãðàäóèðîâàííàÿ àëãåáðà Ëè íàä Z (êîëüöî Ëè) ñî ñêîáêîé Ëè
[ak , al ] := (ak , al). Àëãåáðà Ëè L(G ) íàçûâàåòñÿ ïðèñîåäèí¼ííîé
àëãåáðîé Ëè ãðóïïû G .
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Òåîðåìà

Ñóùåñòâóåò èçîìîðôèçì

Hk(RK;Z) ∼=
⊕
J⊂[m]

H̃k−1(KJ)

äëÿ ëþáûõ k ⩾ 0, ãäå H̃k−1(KJ) ÿâëÿåòñÿ ïðèâåä¼ííûìè

ñèìïëèöèàëüíûìè ãîìîëîãèÿìè KJ .
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Òåîðåìà (Ïàíîâ-Â)

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà, ñîîòâåòñòâóþùàÿ

ñèìïëèöèàëüíîìó êîìïëåêñó K ñ m âåðøèíàìè. Òîãäà êîììóòàíò RC ′
K

èìååò êîíå÷íûé ìèíèìàëüíûé íàáîð îáðàçóþùèõ, ñîñòîÿùèé èç∑
J⊂[m] rank H̃0(KJ) âëîæåííûõ êîììóòàòîðîâ

(gi , gj), (gi , gj , gk1), . . . , (gi , gj , gk1 , gk2 , . . . , gkm−2), (2)

ãäå i < j > k1 > k2 > . . . > kℓ−2, ks ̸= i äëÿ âñåõ s, è i � íàèìåíüøàÿ

âåðøèíà ñâÿçíîé êîìïîíåíòû, íå ñîäåðæàùåé j ïîäêîìïëåêñà
K{k1,...,kℓ−2,j ,i}.

Ñëåäñòâèå

Ñâîáîäíàÿ àáåëåâà ãðóïïà H1(RK) = RC ′
K/RC

′′
K ðàíãà∑

J⊂[m] rank H̃0(KJ) èìååò áàçèñ, ñîñòîÿùèé èç îáðàçîâ

èòåðèðîâàííûõ êîììóòàòîðîâ, îïèñàííûõ â òåîðåìå âûøå.
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2. Íèæíèé öåíòðàëüíûé ðÿä ïðÿìîóãîëüíîé ãðóïïû

Êîêñòåðà

Ïðåäëîæåíèå

Ïóñòü G � ãðóïïà ñ îáðàçóþùèìè gi , i ∈ I . k-é ÷ëåí γk(G ) íèæíåãî
öåíòðàëüíîãî ðÿäà ïîðîæäàåòñÿ ïðîñòûìè âëîæåííûìè

êîììóòàòîðàìè äëèíû, áîëüøåé èëè ðàâíîé k , îò îáðàçóþùèõ è
îáðàòíûõ ê íèì.

Ñëåäñòâèå

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà ñ îáðàçóþùèìè gi .
Òîãäà ãðóïïà γk(RCK) ïîðîæäàåòñÿ êîììóòàòîðàìè äëèíû, áîëüøåé

èëè ðàâíîé k îò îáðàçóþùèõ gi .

Ïðåäëîæåíèå

Êâàäðàò ëþáîãî ýëåìåíòà γk(RCK) ñîäåðæèòñÿ â γk+1(RCK).
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Äîêàçàòåëüñòâî.

Â ýòîì äîêàçàòåëüñòâå ìû èñïîëüçóåì γk âìåñòî γk(RCK) äëÿ
óäîáñòâà âîñïðèÿòèÿ.
Ïóñòü a ∈ γk . Åñëè k = 1, òîãäà a =

∏n
i=1 gki . Åñëè k > 1, òîãäà

a =
∏n

i=1 ai , ãäå ai = (bi , gpi ) èëè ai = (gpi , bi ), bi ∈ γk−1. Ìû
èñïîëüçóåì èíäóêöèþ ïî n.
Ïóñòü n = 1. Ñëó÷àé k = 1 î÷åâèäåí (ïîòîìó ÷òî g2

k = 1). Åñëè k > 1,
òîãäà a = (b, gi ) èëè a = (gi , b) äëÿ íåêîòîðîãî b ∈ γk−1. Äëÿ
a = (b, gi ) ìû èìååì a2 = (b, gi )(b, gi ) = (gi , (b, gi )) ∈ γk+1, è äëÿ
a = (gi , b) ìû èìååì a2 = (gi , b)(gi , b) = (gi , (gi , b)) ∈ γk+1.
Ïðåäïîëîæèì òåïåðü, ÷òî óòâåðæäåíèå äîêàçàíî äëÿ n − 1. Ïóñòü
a =

∏n
i=1 ai è a2 =

∏n
i=1 ai ·

∏n
i=1 ai . Ìû èìååì:

a1a2 · · · ana1a2 · · · an =

= (a−1
1 , (a2 · · · an)−1) · (a2 · · · an)a21(a2 · · · an)−1 · (a2 · · · an)2.

Î÷åâèäíî, ÷òî ïåðâûé ìíîæèòåëü ëåæèò â γ2k ⊂ γk+1. Âòîðîé
ìíîæèòåëü ëåæèò â γk+1 êàê êëàññ ñîïðÿæ¼ííîñòè a21 (èç èíäóêöèè).
Ïîñëåäíèé ìíîæèòåëü òàêæå ëåæèò â γk+1 èç èíäóêöèè.
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Ñëåäñòâèå

L(RCK) � àëãåáðà Ëè íàä Z2.

×åðåç FLZ2⟨µ1, µ2, . . . , µn⟩ ìû îáîçíà÷èì ñâîáîäíóþ ãðàäóèðîâàííóþ
àëãåáðó Ëè íàä Z2 ñ n ïîðîæäàþùèìè µi , ãäå degµi = 1.
Äëÿ ëþáîãî ñèìïëèöèàëüíîãî êîìïëåêñà K ìû ðàññìîòðèì
ãðàô-àëãåáðó Ëè íàä Z2:

LK := FLZ2⟨µ1, µ2, . . . , µn⟩/([µi , µj ] = 0 äëÿ {i , j} ∈ K).

Ïîíÿòíî, ÷òî LK çàâèñèò òîëüêî îò 1-îñòîâà K1 (ãðàôà), îäíàêî, êàê è
â ñëó÷àå ïðÿìîóãîëüíûõ ãðóïï Êîêñòåðà, íàì óäîáíåå ðàáîòàòü ñ
ñèìïëèöèàëüíûìè êîìïëåêñàìè .
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Ïðåäëîæåíèå

Ñóùåñòâóåò ýïèìîðôèçì àëãåáð Ëè φ : LK → L(RCK).

Äîêàçàòåëüñòâî.

L(RCK) � àëãåáðà Ëè íàä Z2, ïîðîæäåííàÿ ýëåìåíòàìè
g i ∈ γ1(RCK)/γ2(RCK), i = 1, . . . ,m. Ïî îïðåäåëåíèþ ñâîáîäíîé
àëãåáðû Ëè èìååì ýïèìîðôèçì

φ̃ : FLZ2⟨µ1, µ2, . . . , µn⟩ → L(RCK), µi 7→ g i .

Òàê êàê ñóùåñòâóåò ñîîòíîøåíèå [g i , g j ] = 0 äëÿ {i , j} ∈ K â àëãåáðå
Ëè L(RCK ), ýïèìîðôèçì φ̃ ïðîïóñêàåòñÿ ÷åðåç èñêîìûé ýïèìîðôèçì
φ.

Íà ñàìîì äåëå, ãîìîìîðôèçì φ èç ïðåäûäóùåãî ïðåäëîæåíèÿ íå
èíúåêòèâåí, à àëãåáðû Ëè LK è L(RCK) íå èçîìîðôíû. Ýòî
ïîêàçûâàåò ðàçíèöó ñëó÷àÿ ïðÿìîóãîëüíûõ ãðóïï Êîêñòåðà îò ñëó÷àÿ
ïðÿìîóãîëüíûõ ãðóïï Àðòèíà, ãäå àññîöèèðîâàííàÿ àëãåáðà Ëè L(RAK)
èçîìîðôíà ãðàô-àëãåáðå íàä Z.
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Ïðèìåð

Ïóñòü K � äèñêðåòíûé íàáîð èç äâóõ òî÷åê, ò. å. K = {1, 2}. Òîãäà
LK = FLZ2⟨µ1, µ2⟩ = FLZ2⟨µ1⟩ ∗ FLZ2⟨µ2⟩ (çäåñü è äàëåå ∗ îáîçíà÷àåò

ñâîáîäíîå ïðîèçâåäåíèå àëãåáð èëè ãðóïï). Íèæíèé öåíòðàëüíûé ðÿä

RCK = Z2 ∗ Z2 ñëåäóþùèé: γ1(RCK) = Z2 ∗ Z2, è äëÿ k ⩾ 2 ìû èìååì

γk(RCK) ∼= Z � áåñêîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà, ïîðîæäåííàÿ

êîììóòàòîðîì (g1, g2, g1, . . . , g1) äëèíû k . Ïðåäëîæåíèå 2 äà¼ò, ÷òî

γk(RCK)/γk+1(RCK) = Z2 äëÿ k > 1, è γ1(RCK)/γ2(RCK) = Z2 ⊕ Z2.

Ðàññìîòðèì àëãåáðó L(RCK). Èç àðãóìåíòîâ âûøå,

L(RCK) = (Z2 ⊕ Z2)⊕ Z2 ⊕ · · · ⊕ Z2 ⊕ · · · . Ëåãêî âèäåòü, ÷òî

Lk(RCK) ∼= LkK äëÿ k = 1, 2. Íî ïðè ýòîì

L3K
∼= Z2⟨[µ1, µ2, µ1], [µ1, µ2, µ2]⟩, òîãäà êàê L3(RCK) ∼= Z2. Òàêèì

îáðàçîì,

L3(RCK) ∼= L3K/([µ1, µ2, µ1] = [µ1, µ2, µ2]).

Îòñþäà ñëåäóåò, ÷òî ãîìîìîðôèçì φ íå èíúåêòèâåí.
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Ïðåäëîæåíèå

Ïóñòü K � äèñêðåòíûé íàáîð èç äâóõ òî÷åê. Òîãäà

L(RCK) ∼= LK
/(

[a, µ1] = [a, µ2], [a, µ1, . . . , µ1︸ ︷︷ ︸
2k+1

, a] = 0, k ⩾ 0
)
,

ãäå a = [µ1, µ2].
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Òåîðåìà

Ïóñòü K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m], ïóñòü RCK �

ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà, ñîîòâåòñòâóþùàÿ K, è L(RCK) � å¼

ïðèñîåäèí¼ííàÿ àëãåáðà Ëè. Òîãäà:

(a) L1(RCK) èìååò áàçèñ g1, . . . , gm;

(b) L2(RCK) èìååò áàçèñ, ñîñòîÿùèé èç êîììóòàòîðîâ [g i , g j ] ñ i < j
è {i , j} /∈ K;

(c) L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç

� êîììóòàòîðîâ [g i , g j , g j ] ñ i < j è {i , j} /∈ K;

� êîììóòàòîðîâ [g i , g j , gk ] ãäå i < j > k , i ̸= k è i � íàèìåíüøàÿ

âåðøèíà â êîìïîíåíòå ñâÿçíîñòè K{i,j,k} íå ñîäåðæàùåé j .
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Êàê ñëåäñòâèå, ìû ïîëó÷àåì îïèñàíèå ïåðâûõ òðåõ ïîñëåäîâàòåëüíûõ
ôàêòîðîâ íèæíåãî öåíòðàëüíîãî ðÿäà äëÿ ñâîáîäíîãî ïðîèçâåäåíèÿ
ãðóïï Z2.

Ñëåäñòâèå

Ïóñòü K � äèñêðåòíûé íàáîð èç m points, ò. í.

RCK = Z2⟨g1⟩ ∗ . . . ∗ Z2⟨gm⟩. Òîãäà:
(a) L1(RCK) èìååò áàçèñ g1, . . . , gm;

(b) L2(RCK) èìååò áàçèñ, ñîñòîÿùèé èç êîììóòàòîðîâ [g i , g j ] ñ i < j ;

(c) L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç

� êîììóòàòîðîâ [g i , g j , g j ] ñ i < j ;
� êîììóòàòîðîâ [g i , g j , gk ] ñ i < j > k , i ̸= k .
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Ïðèìåð

Ðàññìîòðèì ñèìïëèöèàëüíûå êîìïëåêñû íà 3 âåðøèíàõ.

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç 5
êîììóòàòîðîâ:

[g1, g2, g2], [g2, g3, g3], [g1, g3, g3], [g1, g3, g2], [g2, g3, g1].

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç 3
êîììóòàòîðîâ: [g2, g3, g3], [g1, g3, g3], [g1, g3, g2].

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) ïîðîæäåíà êîììóòàòîðàìè

[g1, g3, g3].
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Ñïàñèáî çà âíèìàíèå!
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Proof of theorem

To simplify the notation we write Lk instead of Lk(RCK) and γk instead of
γk(RCK). Statement (a) follows from the fact that

L1 = γ1/γ2 = RCK/RC
′
K = Zm

2

with basis g1, . . . , gm.
We prove statement (b). Consider the abelianization map

φab : RC ′
K → RC ′

K/RC
′′
K = γ2/γ

′
2.

The group RC ′
K/RC

′′
K = H1(RK) is free abelian (above).

Consider L2 = γ2/γ3. The group L2 is a Z2-module (see above), i. e.
L2 = ZM

2 for some M ∈ N. We have a sequence of nested normal subgroups

γ′2 ◁ γ4 ◁ γ3 ◁ γ2.

Consider the exact sequence of abelian groups:

0 −→ γ3/γ
′
2

ψ−→ γ2/γ
′
2 −→ γ2/γ3 −→ 0.

∥ ∥ ∥
ZN ZN ZM

2
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Recall from Corollary above that the free abelian group γ2/γ
′
2 = ZN has a

basis consisting of the images of the iterated commutators with all di�erent
indices described in Theorem above. The images of the commutators of
length ⩾ 3 are contained in the subgroup γ3/γ

′
2 ⊂ γ2/γ

′
2. The group γ3/γ

′
2

also contains commutators of length 3 with duplicate indices, i. e. of the
form (gj , gi , gi ) = (gi , gj)

2. Therefore, the homomorphism ψ acts by the
formula:

ψ((gi , gj , gk1 , gk2 , . . . , gkm−2)) = (gi , gj , gk1 , gk2 , . . . , gkm−2), m ⩾ 3,

ψ((gj , gi , gi )) = (gi , gj)
2
,

where the indices i , j , k1, . . . , km−2 are all di�erent. The elements
(gj , gi , gi ) with i < j , {i , j} /∈ K, and the elements

(gi , gj , gk1 , gk2 , . . . , gkm−2),m ⩾ 3, with the condition on the indices from
theorem above form a basis in a free abelian group γ3/γ

′
2.

It follows that the Z2-module L2 = γ2/γ3 has a basis consisting of the
elements (gi , gj) = [g i , g j ] with i < j and {i , j} /∈ K, proving (b).
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We prove statement (c). Consider L3 = γ3/γ4. The group L3 is a
Z2-module (see above), i. e. L

3 = ZM
2 for some M ∈ N.

Consider the exact sequence of abelian groups:

0 −→ γ4/γ
′
2

χ−→ γ3/γ
′
2 −→ γ3/γ4 −→ 0.

∥ ∥ ∥
ZN ZN ZM

2

For the free abelian group γ3/γ
′
2, we will use the basis constructed in the

proof of statement (b). Elements of this basis corresponding to
commutators of length ⩾ 4 are contained in γ4/γ

′
2. The group γ4/γ

′
2 also

contains commutators of length 4 with repeated indices. These
commutators have one of the following nine types, which we divide into
two types A and B for convenience:

A = {(gi , gj , gj , gj), (gi , gj , gj , gi ), (gi , gj , gi , gj),
(gi , gj , gi , gi ), (gi , gj , gi , gk), (gi , gj , gj , gk)},

B = {(gi , gj , gk , gj), (gi , gj , gk , gi ), (gi , gj , gk , gk)}.

Yakov Veryovkin (HSE, MSU) Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè Òîìñê, Äåêàáðü, 2023 29 / 33



Note that

(gi , gj , gj , gj) = ((gj , gi ) · (gj , gi ), gj) =
= ((gj , gi ), gj)·(((gj , gi ), gj), (gj , gi ))·((gj , gi ), gj) ≡ (gj , gi , gj)

2 mod γ′2,

because (((gj , gi ), gj), (gj , gi )) ∈ γ′2. Here in the second identity we used
Hall-Witt commutator identity. A similar decomposition holds for other
commutators of type A, for example,

(gi , gj , gi , gk) = (gj , gi , gk)
2 mod γ′2.

Now consider the commutators of type B . We will need the following
commutator identities. For any a, b, c, d ∈ γ1 we have:

(a, b)(c , d) ≡ (c , d)(a, b) mod γ′2. (3)

It follows that the last of the Hall-Witt identities takes the following form
modulo γ′2:

(a, b, c)(b, c , a)(c , a, b) ≡ 1 mod γ′2. (4)
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Furthermore, the following identity was obtained in (Panov-V):

(gq, (gp, x))=(gq, x)(x , (gp, gq))(gq, gp)(x , gp)

(gp, (gq, x))(x , gq)(gp, gq)(gp, x).

If x ∈ γ2, then the previous identity and identity (3) imply

(gq, (gp, x)) ≡ (gp, (gq, x)) mod γ′2. (5)

To simplify the notation, we write i instead of gi . From (1) and (4) we
obtain

(gi , gj , gk , gi ) = (((i , j), k), i) ≡ ((i , (i , j)), k)−1 · ((k , i), (i , j))−1 ≡
≡ (k , (i , (i , j))) = (k , ((i , j), i)−1) = (k , (j , i)−2) =

= (k , (j , i)−1) · (k , (j , i)−1) · ((k, (i , j)−1), (i , j)−1) ≡
≡ (k , (j , i)−1)2 = (gi , gj , gk)

−2 mod γ′2,

(gi , gj , gk , gj) = (((i , j), k), j) ≡ ((j , (i , j)), k)−1 · ((k, j), (i , j))−1 ≡
≡ (k , (j , (i , j))) = (k, ((i , j), j)−1) = (k , (j , i)−2) ≡ (gi , gj , gk)

−2 mod γ′2.
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The last commutator of type B requires a lengthier calculation:

(gi , gj , gk , gk) ≡1 (j , i , k)·(i , j , k)·(k , i , k)·(i , k , k)·((k , j)i , k)·((j , k)i , k)·
· ((i , k)j , k) · ((k , i)j , k) · (k , (j , (k , i)))−1 · (k , (i , (j , k)))−1 ≡2

≡2 (k , (j , (k , i)))−1·(k, (i , (j , k)))−1 ≡3 (j , (k, (k , i)))−1·(i , (k , (j , k)))−1 =

= (j , (i , k)−2)−1 · (i , (k , j)−2)−1 ≡ (k , i , j)2 · (j , k , i)2 ≡
≡ (gi , gj , gk)

−2 mod γ′2.

Here is the identity ≡1 is obtained with help of the algorithm written by
the author in Wolfram Mathematica using commutator identities (1).
The identity ≡2 follows from the relations (a, b) · (a−1, b) = (b, a, a−1) and
(b, a, a−1) ≡ 1 mod γ′2, if a ∈ γ2.
The identity ≡3 follows from (5).
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It follows that the homomorphism χ : γ4/γ
′
2 → γ3/γ

′
2 acts by the formula:

χ((gi , gj , gk1 , gk2 , . . . , gkm−2)) = (gi , gj , gk1 , gk2 , . . . , gkm−2), m ⩾ 4,

χ((gj , gi , gi , gj)) = ((gi , gj), gj)
2
,

χ((gj , gi , gj , gk)) = ((gi , gj), gk)
2
,

χ((gi , gj , gk , gk)) = ((gi , gj), gk)
−2
.

where the indices corresponding to a di�erent letters are di�erent. Thus,
the Z2-module L3 = γ3/γ4 has a basis consisting of the elements speci�ed
in the theorem.
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