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A cluster seed (x, B) is a pair of

e a cluster variable * = (x1,...,zy): an N-tuple of algebraically independent
variables,
e an exchange matrix B = (b;;): an N x N skew symmetric integer matrix.



For each k = 1,..., N, we define the mutation u; of (x, B) by
Mk ({B, B) — (59 B)a

where
o x=(T,...,Zy) is
r .
x;, for ¢ # k,
?L'Jz' = X 1
b b .
— ijjk—l— ij * 1, fori=k,
\ o\ jibse>0 jib, <0
e B = (b;) is
_bz'j, fOI"I:ZkOI'jZk,

otherwise.



In terms of the cluster variable x, we introduce the y-variable, y = (y1,...,yn),
defined by

bi;
vi = [ [ 2"
k



The mutation uj induces a mutation of a pair (y, B):

~

,U,k(’y, B) — (ng)a

where B is (2.3), and y = (v1,...,yn) With y; =[], 5:’,:'” is given by

yk_l, for 1 = k,

gi — Y; (1 + yk_l)_bki . fOI' ( 7é k) bkz Z 07

y; (1 4 yk)_b’“"' , for © # k, b; < 0.



7 vanables

Consider case when we have 7 variables X = (x, x,, X3, X4, X5, X5, X7) and matrix B is taken
as an adjacency matrix of the oriented graph below.

R = 835825 53,6 44 12 L6 4.

—1
R™ = 53,6 52,5 53,5 M4 U5 U3 [bg.

The permutations are included in the R-operator so that the exchange matrix B is
invariant under R.



Action of R on x-varniables

( o \

L5
T1ZT3T5 + T3 T4 X5 + T1 T2 Te
T2 Ty
T T3 T4 Ty + T3 T2 Ty + Ty Ty T Tq + Ty T4 Ty Ty + T1 To Tg Ty

Lo Ty Te
T3T4 Ty + T35 T7 -|-.’L‘25176£L‘7
T4 Te

Z3

\ o /
( o )

T1T3T5+ L1 Ty Tg + Ty Ty T

T3 Ty

L6

R—l(w) | z1x274 6 + Ty T2 T + T1 T3 T Ty + T1 To Te Ty + To Ty Te Ty
L3 T4 Ts

L2
ToXyTg+ T3X5T7 + Lo Tg X7
Lg Ts

\ L7 )




Action of R on y-variables

y1 (1 + yo + y2ya4)
Y2 Y41 Y5 Ys
l+ys+Ys + Y296 + Y2YsYs
1 +y2+ Y6 + Y2 Ys + Y2 Ya Ys

Y2 Ya
Y4

(14+y2+y2ys) (1 + Y6 + Yays)
1 +y2+Yye +Y2Ys + Y2 YaYe

Y1 Ye
Y2Y3 Y1 Ys

1 +y2+Ys + Y2Ys + Y2Ya Yo
(1+ye +Yays) Yz

Y1Y3Ya
1 +ys+ysys
Ys
14+ ys+y3Ys+YaYs + Y3YaYs
(1+ys+Ysys+ YaYs +YsYays) Yo
(1 + ya+ Y3 ya) (1 + Ya + Ya ys)
Y3YaYs

Yo (14+ys+ysys+ Yays + Y3 Ya ys)
Y3

14+ Ys+YsYs +YsYs + Y3 Ys Ys
Y1 Ys Y7
1+ys+yays




General case

3 6 31 3n—3 3n
31 — 2 31+ 1
1 ceoe o o e 3n 4 1
2 5 31 —1 3n —4 3n—1

(X5 X5 X35 Xg -+ + 5 X305 X341

(V1> Y20 Y3 Y4+ > Y3ps Y3na1)

And B is taken as an adjacency matrix of the oriented graph above.



R; operators

With 3n 4+ 1 we have exactlyn — 1 R,,i = 1,....,n — 1, operators.

R, R;
— TS

\
(yl’ yZ’ y?)’ y49 yS? y69 y79 y89 )’99 )’1(), )’11, ylz, )713, .« o

\ -
R,

Operator R; acts variables y3;_», v3i 15+ .5 Y314

)



Braid group

For n > 2, the braid group B, is defined as a group with generators oy, ...,0,_; and the
following defining relations:

0;0; = 00, i — 7| > 2.

0,0;4+10; = 04410;0;41, g — 1,2,...,71 —2,

The generators o; have the following geometric interpretation:

1 t 1L ¢l 112 n




Braid group

0;,0;, = 0404, Il —]| Z 2.

0i0i410; = 0;4100;41, 1=1,2,...,n

The relations have the following geometric interpretation:
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Braid group representation

Denote by W the group generated by R;,i = 1,..,n — 1, with composition as a group
operation.
Define a map F': B, - W_ by setting

F(o;) =R,

Theorem (Hikami, Inoue, 2015) Map F : B, = W, is a homomorphism.

So, the following relations are satisfied

RZRZ-I-IRZ — Rl+1RlR+1’ i — 1,...,71 — 2,



Virtual braid group

The virtual braid group VB, on n strings is the group with two families of generators, classical
and virtual, denoted by oy,...,0,_; and p,...,p,_;, with the following defining relations:

Classical relations

0;,0;,410; = 0;410;0;41, & — 1,2,...,71—2,
(Tz'O'j = O’jO’i, |2—J| 22
Virtual relations
PiPi+1Pi =  Pit1PiPit+1, 1=1,2,...,n—2,
piPi = PiPis i —J] > 2,
p? =i ? R B A T
Mixed relations
oip; = pjoi, i —Jj| = 2,

PiPi+10i =  Oip1PiPit1, 1=1,2,...,n—2.



Forbidden relations

Pi0:i+10; — Oi410:0;41,

0;0;41p4

Pi+10:;0;41



There is involutive non-trivial permutation T; acting on (Y3;_5, Y3i_1> Y3j> Y3i+ 15> Y3i+25 Y3i+3> Y3i+d)
for which the following mixed relations are satisfied

RZR+17; — 7-;+1RZR+1’ l — 1,...,n — 2,

l

The idea now is not only to find suitable involution T}, but also put some additional
condition on y. for which the relations above will be satisfied.

We also wanted the forbidden relations not to be fulfilled.

(V15 Y25 Y35 Yas Y55 Ve Y75 Y85 Y95 Y105 V11> Y125 Y13)



The condition that works

T(Y3i_05 Y3i—15 Y3i» Y3it 12 Y3i42s V3ia3s Y3iad) = V3i1> V3in2s V3ie3s Y3iz2s Y3iz15 V3> V3iza)

The condition is that yy =y, =y, =...y3,,;, = — 1.
Easy to this condition is stable under the action of R; and T; :

Let y = (—1,y,,¥3, — 1,y5, V6, — 1,...), then R(y) n T(y) have —1 on 1st, 4th, 7th,... places.

RZR_l_lT; — 7-;+1RZR+1’ l — 1,...,n - 2,

l



The final operators

At the end we have vector Z = (2, 2, - - - » 2»,,) and two families of operators S; and
T,i=1,.,n—1,

~ L m

~1~3~4 ~ f

ro -y .

| %+’:1+’:4 ~1 Zo + 23 + 2223 \

29 o 21 1| 22 E —(»;2 + 23 + ,:«2,@3),04
S - o 14+214+ 2 ’ S ” e A o e
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Sl? Tl S3’ T3
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(Zla Z29 Z39 Z4, ZS, Z6’ Z7, ZS’ « o )
\/

S5, T,



Virtual braid group representation

Denote by ©, the group generated by $; n T,,i = 1,..,n — 1, with composition as a group
operation.
Define a map F': VB, — ®_ by setting

F(o;) =S, Flp)=T

Theorem Map F: VB, — 0O, is a homomorphism.

So, the following relations are satisfied

( ) SzSH.lSz — Si+ISiSz'-|-17 where 7 = 1_, 2, ceoall — 2.
( ) SzSJ — SjS,;, where |2 —]l > 2.

( ) Tsz+1Tz — Ti+1TiTi+1, where 7 = 1, 2, SRS { o 2
(4) T;T; = T;T;, Where Iz — | > 2.
()
(6)

TTZ+1S — Sz+1TTZ+1, Where =12 o027



Forbidden relations

Theorem The forbidden relations are not satisfied for S; and 7.



Examples

Example 1. Let w; = g,p,0, € VB,. The operator F(w;) ( = S,T5,) acts on (1,2,2,1) in
the following way:

5 5

6 6
F(wl)(1,2,2,1) = <—§, — g, — E, — §> ?é (1,2,2,1) .

Therefore, the homomorphism F' distinguishes w, from a trivial braid.

Example 2. It is known that a generalized Burau representation does not distinguish a
braid w, = (67p,0; 'p,67 ' p,)* € VB, from a trivial braid. The operator F(w,) acts on
(1,2,2,1) in the following way:

44 19 19 44
F(wz)(1,2,2,1) = —1—9, — Z, — Z, — 1—9 ?é (1,2,2,1) .

Therefore, the homomorphism F' distinguishes w, from a trivial braid.



Flat virtual braid group

Flat virtual braid group FVB, is a virtual braid group VB, with additional
relations




Adapting to flat braids

We noticed that if we consider vector of variables of the following form

i 1 1 1
Z — (21, Z’ZS’ o e y R2n—1, _Zzn—1)

Then

1 1
1) SZ(Z) — (lljla ) llj3a T 99 e e ey l//2n_19
Y1 Y3 Yon-1

). And same for T..

2) Sl.z(z) =7



Flat virtual braid group representation

Consider t = (#;,1,,...,1,) and define operators

sty
‘. L tbi+1 : k. SR
Rz‘ : i —7 T T tz'-l-l + tztz—l—l ‘/Z : tz — tz—l—].,
A | & —(1 gl gt 1 (e fzfz+1) tit1 — ;.

Denote by W, the group generated by R, u V,,;i = 1,..,n — 1, with composition as a group
operation.
Define a map Fpyp : FVB, = ¥, by setting

F(o;)) = R, F(p) =V,

Theorem Map Fpyp: FVB, = YW is a homomorphism.



Example

Example 3. Let wy; = 6,p 010, € FVB;. The operator Fryg(w;) acts on (1,2,2) in the
following way:

4 11
Fryp(wy)(1,2,2) = <—5,H, — ?> #(1,2,2).

Therefore, the homomorphism Fry 5 distinguishes wy from a trivial braid.



